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1. Introduction 

Let G be a finite group. For any element g & G and any irreducible representation 
of G over an algebraically closed field F of characteristic i, let deg{<d{g)) denote 
the degree of the minimal polynomial of the matrix Q{g). For g ^ G, let o{g) 
denote the order of g modulo Z{G). Clearly, deg(0(5')) < o{g). Furthermore, if the 
characteristic of F is coprime to the order \g\ of g, then deg{Q{g)) is just the number 
of distinct eigenvalues of Q{g)- On the other hand, if char(F) = i > and g is an 
^-element, then deg{Q{g)) is the largest size of Jordan blocks of Q{g). 

There are many applications demonstrating the importance of knowing the eigen- 
values and minimal polynomials of elements of linear groups, in other words, of group 
elements in finite dimensional representations. Investigations on this topic go back 
at least to the classical results of Blichfeldt In 1956, a fundamental result was 
obtained by Hall and Higman |HHj which describes the minimal polynomial of any p- 
element of a finite p-solvable group in a p-modular representation. The Hall-Higman 
Theorem led to various reductions for the Restricted Burnside Problem, cf. [HHJ. It 
also proved to be invaluable for the development of linear methods in group theory, 
cf. |HB] . Later on, many important results were established by Thompson [Thj . 
Shult [Shj . Berger [Be], Robinson and others. To a large extent, these results 
can be viewed as contributions to the following general problem: 

Problem 1.1. Determine all possible values for deg{Q{g)), and if possible, all triples 
(G, Q,g) with deg{Q{g)) < o{g), in the first instance under the condition that o{g) 
is a p-power. 
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The celebrated theorem of Hall-Higman [HH] is concerned with the case where G 
is p-solvable, p = £ and Op{G) = 1. Work of Thompson and later of Ho on qua- 
dratic modules, and also some more recent work along the lines of Meierfrankenfeld- 
Stellmacher-Stroth's program on a third-generation proof of the classification theorem 
for finite simple groups, are devoted to the case o{g) = p = i. 

The priority in studying Problem 11.11 should be given to the groups G that are 
"close" to be simple. Already for the alternating groups. Problem 11.11 turns out to 
be very challenging: let us mention that this problem, under the assumptions that 
G = Ap and g is a p-cycle, has been solved only in the case where p > i > {p — 1) /2 hj 
work of Thompson (unpublished manuscript), and £ G {0,p} by work of Kleshchev 
and the second author jKZj . We consider the case G G Lie{r), a finite group of Lie 
type in characteristic r. The defining characteristic representations (that is, r = £) 
can be treated rather efficiently using representation theory of algebraic groups. The 
main tool to handle semisimple elements g is the theory of weights together with 
Premet's theorem pP]; however, it is impossible to provide an explicit solution to 
the problem. This is also true for the behaviour of unipotent elements in defining 
characteristic representations, cf. |Su] for results of asymptotic nature. We focus on 
cross characteristic representations, i.e. r ^ £. li r = p (that is, g is unipotent) , 
then the problem is basically solved in [Zlj and [DZ2j . The case where G is classical 
and g is contained in a proper parabolic subgroup is settled in |DZlj . For £ = 
and g of order p, the cases with minimum polynomial of g of degree less than p have 
been determined in |Z4j and [Z5j . Also, substantial results in the case £ = p have 
been obtained in |Z3j . However, the methods developed in these papers do not work 
in some key cases. Consider for example an element g of order 2^^ — 1 = 8191 in 
G = SLi3{2) and any nontrivial irreducible representation G of G in characteristic £ 
dividing |G| for 2 < £ < 8191. All the currently available general results yield only 
the bound deg(9(5')) > 13. However, various heuristic arguments seem to indicate 
that a much stronger bound, deg{Q{g)) > 8189, should hold true. More generally, if 
g ^ G has order p", then heuristic arguments lead to the belief that one should be 
able to prove that deg{Q{g)) > p°'~^{p — 1) — 1, and in fact this bound should be the 
optimal bound. 

The goal of the present paper is to prove this optimal bound for semisimple el- 
ements of finite classical groups in cross characteristic representations. The excep- 
tional groups of Lie type will be addressed in a sequel of the paper. Let Ai denote the 
collection of finite classical groups with exceptional Schur multiplier, that is, the col- 
lection of finite groups G with soc{G / Z (G)) , the socle of G/Z{G), equal to P5'L2(4), 
PSL3{2), PSL42), PSU42), Spe{2), PSL2{9), PSL,{4), PSU^{3), SUe{2), Qr{3), 

nt{2). 

The first main result of the paper is the following theorem: 
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Theorem 1.2. Let G be a finite quasi-simple classical group, not belonging to M., 
and let Q be a nontrivial irreducible representation of G over a field of cross charac- 
teristic i. Let g & G \ Z{G) be a semisimple element of prime order p. Then one of 
the following holds. 

(i) deg{e{g))=p. 

(ii) p> 2, deg{Q{g)) = p — 1 and Sylow p-subgroups of G/Z{G) are cyclic. More- 
over, the conclusions of Proposition \6.10\ hold with a = 1. 

(iii) p = q + 1 is a Fermat prime, G/Z{G) = PSUn{q), g'^^^ = 1, 6 is a Weil 
representation, and deg(0((y')) = p — 1. Furthermore, either n < 3, or g corresponds 
to a pseudorefiection in GUn{q) and (n, g + 1) = 1. 

(iv) o{g) = p = [q^ - l)/(g - 1), G/Z{G) = PSL„iq), n a prime, 6 is a Weil 
representation of degree p—1 orp — 2, and dim(B) = deg{<d{g)). Furthermore, either 
n > 2 and £ = p, or n = 2 and q is even. 

For applications, as well as for the treatment of exceptional groups of Lie type, 
it is helpful to expand the class of groups of Lie type considered in Theorem 11.21 
For a prime power g, let C{q) be the list of insoluble groups G of the following 
form: SL'^{q) < G < GL^^i^q) with n > 2, where e = + for SL and e = — for SU; 
Sp2n{q) < G < CSp2n{q) with n > 2; Spin{V) < G < r+{V) with V = F2"+\ 
n > 3 and g odd; Spin{V) < G < r(V') with V = Yf" and n > 4; cf. [TZ5] for 
the definition of the Clifford group T(y) and T^iV). Setting in addition V = 
in the case of GLn{q), V = F^a in the case of GUn{q), and V = F^" in the case of 
CSp2n{q), we will refer to V as the natural module for G. We say an element g E G 
is irreducible (on V), if the induced action oi g onV is irreducible. Furthermore, g 
is called a pseudorefiection if the action oi g onV can be represented by a diagonal 
matrix diag(a, j3, j3, . . . , (3) for some a ^ (3. The ^-modular Weil representations are 
defined to be the composition factors of degree > 1 of the ^-modular reduction of 
complex Weil representations [S]. 

The second main result of the paper is the following theorem: 

Theorem 1.3. Let G G C{q) for a prime power q, p a prime not dividing q, and 
S := soc{G/Z{G)). Let be an irreducible representation of G over a field of 
characteristic I coprime to q, of degree > 1. Let g E G be a semisimple element of 
prime power order p"- > 1 modulo Z{G). Assume in addition that dim(6) > 2 if 
G/Z[G) = PGO^^{q) with n > 2 and q odd. Then one of the following holds. 

(i) > deg(e(^)) > p^-^{p - 1). 

(ii) p > 2, deg(0((7)) = p°-^^{p — 1) and Sylow p-subgroups of G/Z{G) are cyclic. 
Furthermore, either a = 1, or i ^ p. Moreover, the conclusions of Proposition 16. JOl 
hold. 

(iii) S = PSUn{q), o{g) = p = q + 1 is a Fermat prime, g belongs to Gf/i(g)", 6 is 
a Weil representation, and deg{<d{g)) = p — 1. Furthermore, either n < 3, or g is a 
pseudorefiection in GUn{q). 
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(iv) a>2,S = PSUn{q) with n = 1( mod p""'^), q + 1 = p is a Fermat prime, g^" 
is a pseudoreHection in GUn{q), and G is a Weil representation. Furthermore, either 
deg{Q{g)) =p''~^{p- 1), or {n,p'',q) = (4,9,2) and deg{Q{g)) = 5. 

(v) o{g) = p"- = (g" — 1), S = PSLn{q), n aprime, 9 is a Weil representation 
of degree o{g) — 1 or o{g) — 2, and dim(6) = deg{Q{g)). Furthermore, either n > 2 
and i = o{g) = p, or n = 2 and q is even. 

Theorem 11.31 implies the following consequence, where (p{-) denotes the Euler func- 
tion as usual. 

Corollary 1.4. Let G G C{q) for a prime power q, and let B be an irreducible 
representation of G over a field of characteristic i coprime to q, of degree > 1. Let 
g E G be a semisimple element of prime power order modulo Z{G). Assume in 
addition that dim(e) > 2 if G/Z{G) = PGOtn{q) with n > 2 and q odd. Then 
deg(0((7)) > ip{o{g)) — 1, and this bound is best possible. □ 

The optimality of the bound deg{Q{g)) > (f{o{g)) — 1 follows from Theorem II. 3( v). 

The information concerning the classical groups belonging to Ai is collected in 
Table I, the proof of whose correctness is somewhat ad hoc and omitted for the sake 
of brevity. In this table, G/Z{G) is a simple finite group of Lie type in characteristic 
r, G is a universal central extension of G/Z{G) such that |2'(G)| is a multiple of r 
(that is, G/Z{G) has an exceptional Schur multiplier). Let Zq be a Sylow r-subgroup 
of Z{G). In the table, we list all the irreducible FG-representations B such that 
deg{Q{g)) < o{g) and Q{Zo) ^ 1. In fact, we also include in the table a few cases 
with 6(Zo) = 1 when we can compute the precise value of deg{Q{g)) here but not in 
our general approach described in the paper. 

Briefly, our approach can be outlined as follows. The action of semisimple elements 
g E G on the natural module V of G distinguishes two cases: g is irreducible, resp. 
reducible on V. The critical case of irreducible elements that are minimal in a certain 
sense is handled in §4. Deligne-Lusztig theory (cf. [C], [L]), as well as fundamental 
results of Broue and Michel jBM] play a key role in the treatment of this critical case. 
In fact results proved in §4 also apply to exceptional groups of Lie type. Results of 
§4 and §5, in particular Corollary 14.51 and Theorem \5.4\ form an induction base to 
handle arbitrary irreducible elements, which are treated in Theorem 15.111 We also 
use results of |DZlj . [TZ2j . and |GMSTj concerning semisimple elements that lie in 
a proper parabolic subgroup. In turn, the case of reducible elements builds on the 
irreducible case and it is completed in §6. 

We expect our main results to be useful in a number of applications. One par- 
ticular application we have in mind is the recognition of finite linear groups. Our 
results have also been used in joint work of Kleshchev and the first author [KT \ to 
classify representations of finite general linear groups that are irreducible over proper 
subgroups. 
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Table I: Exceptional Schur multiplier cases 



G/Z{G) 


e(Zo) 




9 


Name 


dim(e) 


deg(e(^)) 


PSL2{A) 


2 




5 


5A,5B 


1 < d <5 




d 








3 


3A 


2 




2 


PSL2i9) 


3 


5 


4,5 


4A,5A,5B 


3 


3 


PSLs{2) 


2 


7 


7 


7A,7B 


l<d<7 




d 




7 


3 


3A 


2 




2 








7 


7A,7B 


d = 3,4,6 




d 








3 


3A 


4 




2 


PSLs{4) 


16 




7 


7A,7B 


6 


6 


PSU42) 


2 




3 


3C 


4 




2 








5,9 


5A, 9A,9B 


4 




4 




1 




9 


9A,9B 


5 




5 








9 


9A,9B 


6 




6 




1 




9 


9A,9B 


10 




7 






£ = 3 


9 


9A,9B 


16 




8 








9 


9A,9B 


20 




8 


PSL^{2) 


2 




3,5 


3A,5A 


8 




9 


- 1 


PSpei2) 


2 




3,5,9 


3A,5A,9A 


8 




9 


- 1 




1 




9 


9A 


7 




7 


PSU4{S) 


3 




4,7 


4A, 7A,7B 


6 




9 


- 1 








8 


8A 


6 




6 




2 




3,5,9 


3A,3B,5A,5B,9B,9C 


8 




9 


- 1 




3 


p = e = 2 


4,8 


4A,8A,8B 




> 3, > 5 


psu,(:2) 


2 


p = ( = 3 


9 


9A 


9 




> 7 



Throughout the paper, F is an algebraically closed field of characteristic I coprime 

to q. If X is a class function of G then x denotes the restriction of x to the i'- 
elements in G. If V is an FG-module then := {v E V \ gv = f } is the fixed 
point subspace ioi g E G. X *Y denotes a central product of subgroups X,Y <G. 
If V is any FG-module, dv{g) stands for the degree of the minimal polynomial of g 
acting on V . In what follows, by a nondegenerate, resp., totally singular, subspace of 
an orthogonal space we mean any subspace U such that the bilinear form associated 
to the quadratic form is nondegenerate on U, resp., the quadratic form is zero on U. 
When the (Hermitian, symplectic, or quadratic) form on V is specified, I{V) denotes 
the isometry group of the form. 
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2. Some preliminaries 

The following simple observation allows us to focus on elements of prime power 
order in G (not just modulo Z{G)): 

Lemma 2.1. Let G be a finite group and g E G witli o{g) = p"". Then there is a 
p-element h E G with the following properties: 

(i) o{h) = 

(ii) Let V be any irreducible FG-module. Then dv{g) = dyiji)- Moreover, g is 
irreducible on V if and only if h is. 

Furthermore, if G < H and GH{g)G = H then for any $ e IBt£{G) there is G 
IBie^H) such that $ is a constituent of Q\g and dq,{g) = d^^g). Moreover, if Z{G) < 
Z{H) then the values of o{g) in G and in H are the same. 

Proof. Write g = hi with h the p-part of g and t the p'-part of g. Since o{g) = 
t G Z{G). Now it is straighforward to check (i) and (ii). Next assume G <i H, 
CH{g)G = H, and $ e IBr£(G'). Then we can find 9 e IBri{H) such that $ is a 
constituent of Q\g- By Clifford's theorem, Q\q = ©|=i$i, with ^i{g) = ^{xigx^^) 
for some Xi G H. Since GH{g)G = H, we can choose Xi G Gnig)- It follows 
that ^i{g) = $((?) and so dij,{g) = de^g). Finally, assume Z{G) < Z[H). Then 
Z{G) = Z{H) n G. It follows that g"" G Z{G) if and only if g"" G Z{H), whence the 
values of o{g) in G and in H are the same. □ 

Lemma 2.2. [HBt Lemma IX.2.7] Let p, r be primes and a, b positive integers such 
that p"- = + 1. Then either 

(i) p = 2, b = 1, and r is a Mersenne prime, or 

(ii) r = 2, a = 1, and p is a Fermat prime, or 

(iii) p"" = 9. □ 

We will frequently use the following well-known statement: 

Lemma 2.3. Let p be a prime and let q be an integer such that p\{q — 1). If p = 2, 
assume in addition that 4\{q — 1). Then [q^ — l)/(g — 1) = p(modp^). 

Proof. The lemma is obvious if p = 2. For p > 2, write q = Ap'^ + 1 for some integers 
A,c > 1 with {p,A) = 1. Then qP - 1 = ABp^" + A'^p'^''+\p - l)/2 + Ap^+i = 
j\(jp'2c+i _|_ j[pc+i some integers B, G. Hence (g^ — l)/(g — 1) = Gp^^^ + p. □ 

Lemma 2.4. |GT3j Let V be an ¥G-module with a submodule U and let g E G. 
Then for the dimensions of the g-fixed point subspaces the following inequality holds: 
max{dim(f/f),dim((V/f/)f)} < dim(Vf). □ 

Lemma 2.5. Let A = (g) be a cyclic group of order p and let V be a free ¥pA-module. 
Let U be any subquotient of the A-module V. Then du{g) > pdim(f/)/ dim(V"). In 
particular, if dim(f/) > {p — 1) d\m{y)/p then du{g) = p. 
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Proof. By the assumption, dim(\^^) = dim(V^)/p. By Lemma l2.4[ dim(f/^) < dim(T^^). 
Hence du{g) > dim(f/)/ dim(f/f) > p dim{U) / dim{V) . □ 

Lemma 2.6. |DZll Proposition 2.15] Let V = Vi (B ■ ■ ■ (B Vg be a direct sum of 
W-spaces and let g G GL{V) be an element of prime-power order that permutes the 
Vi's transitively. Then dv{g) = s ■ dvi{g^). n 

Remark 2.7. [TZ3l Corollary 3.2] If $ e IBrp(G) lifts to a faithful complex repre- 
sentation which is unramified above p, and g E G is a p-element with o{g) = p, then 
d<i>{g) > p — 1; in fact, all Jordan blocks of are of size 1, p — 1, or p. 

Lemma 2.8. Let V be a nondegenerate Hermitian, symplectic, or orthogonal space 
overWq that contains the orthogonal sum of s > 2 isometric, nondegenerate subspaces 
®i=iVi- Assume g G liV) stabilizes each Vi, and, after an isometric identification of 
Vi with each other, induces the same action on all Vi . Assume in addition that s > 3 
if q = 3 (mod 4) and V is not Hermitian. Then g fixes a nonzero totally singular 
subspace ofV. 

Proof. By the assumption, we can find bases {cij, I < j < d) in Vi, 1 < i < s, such 
that the Gram matrices and the actions of g with respect to these s bases are the 
same. It follows that g preserves the subspace ■= (^i=i c^i^ij | 1 < J < c?) for 
any a := (ai, . . . , as) G F^. If q is even, choose a = (1, 1, 0, . . . , 0). If g is odd and 
V is Hermitian, choose a = (1, 7, 0, . . . , 0) where 7 G Fg has order 2(g^/^ + 1). If 
q = l(mod4) and V is not Hermitian, choose a = (1, 7, 0, . . . , 0) where 7 G F^ has 
order 4. Assume q = 3(mod4) and V is not Hermitian. Then s > 3, and we can 
find /3, 7 G Fg such that 1 + + 7^ = 0. Choose a = (1, /3, 7, 0, . . . , 0) in this case. 
These choices of a ensure that Wa is totally singular. □ 

In what follows, we will need the following observation to handle reducible elements 
of classical groups. 

Lemma 2.9. Let V be a nondegenerate Hermitian, symplectic, or orthogonal space 
over Wq. Assume g E G := I{V) is an element that does not fix any nonzero totally 
singular subspace of V. Then one of the following holds. 

(i) V can be decomposed into an orthogonal sum ®i=iVi of nondegenerate sub- 
spaces, and g acts irreducibly on each of them. 

(ii) q is even, V is an orthogonal space of even dimension 2n, G = G02„(g), and 
g E H for some subgroup H ~ Sp2n-2{.l) y< 2 of G. 

Proof. We induct on dim(V^). If g is irreducible on V then we are done. Otherwise 
consider a nonzero minimal (yf-invariant subspace U of V, its orthogonal complement 
f/-*- (relative to the Hermitian or the bilinear form BonV), and let W := U (1 U^. If 
W = then V = U ® U-^, both U and IJ-^ are nondegenerate and (7- invariant, and 
so we are done by induction hypothesis. Assume W ^ 0. By minimality, U = W, 
that is, the form B is zero on U. By assumption, U cannot be totally singular. The 
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only case when this can happen is where q is even and V is an orthogonal space of 
(even) dimension 2n. Observe that the set of all singular vectors in ?7 is a (yf-invariant 
subspace of codimension 1 in U . So by minimality dim([/) = 1, and U is generated 
by some nonsingular vector u & V . Since g fixes U and fixes the quadratic form, we 
see that g{u) = u. Thus g E H := Stabdu) ~ Sp2n-2{<l) x 2. □ 

To link deg{g) to deg(5'^') for a p-element g, we will use the following statement. 

Lemma 2.10. (i) Let a,b E GL„(F) be matrices such that [a,b] is scalar and 
[a^"*, 6] = Id 7^ [a^™ , b], for a prime p and an integer m > 1. Then Spec (6) consists 
of all p^-roots of the elements of Spec (6*''"). 

(ii) Assume i = p and b G G'L„(F) is a p-element. Then ■ deg(&^') > deg(&) > 
p*(deg(6P') — 1) + 1 for every integer i > 1. 

Proof, (i) Since [a,b] centralizes a and b, [a, 6^™] = [a, fe]^™ = [a^™,6] = Id. In 
particular, [a, b] = u ■ Id with cj^™ = 1. Since Id ^ [a^™ , b] = cj^™ ■ Id, u is a 
primitive p™-root of unity in F. Let = F" be the natural module for GL„(F), 
A G Spec(6P'"), and let Wx be the A-eigenspace of 6^™ in W. Obviously, Wx is fixed 
by a and b. Let /? be an eigenvalue of b on Wx, and v a corresponding eigenvector 
for b. Then ba^v = [b, a^]a^bv = uj~^l3d'v. Thus a^v belongs to the (^^"^/J-eigenspace of 
b in Wx, for i = 0, . . . , — 1, whence (3, ui(3, . . . , tu^™"^/? are eigenvalues of b on Wx- 
(ii) Assume deg(6P') = k+l. Then b is annihilated by (^^'-1)'=+^ = (t-l)p'(*=+i) and 
so deg(6) < p^{k + 1). If deg(6) < p^k, then b is annihilated by (t — 1)^''^ = (t^' — l)'^, 
and so If' is annihilated by (t — 1)'^, a contradiction. □ 

Corollary 2.11. Assume that S < G/Z(G) < Aut(5') for a simple non-abelian group 
S, and that {G/Z{G))/ S is elementary abelian of order 4, resp. cyclic. Consider any 
irreducible ¥G-representation Q of degree > 2, resp. > 1. 

{i)IfheG\ Z{G), then e{h) is not scalar. 

(ii) Ifi = 2andgeG with o[g) = 2", then de{g) > 2"-^ + 1. 

Proof, (i) Assume 0(/i) is scalar. Let Z := Z{G), K := {x E G \ Q{x) is scalar} 
and let L := K/Z. Then 1 ^ L < G/Z. Notice that L n S 1. (Otherwise 
[L,S] = 1 and so L < Gg/z{S) = 1, a contradiction.) By simplicity, L > S and so 
G/K ~ {G/Z)/L is either cyclic or ~ Z^. In the former case, the quotient of 0(G) 
by its central subgroup Q{K) is cyclic, whence 0(G) is abelian and so dim(O) = 1 by 
irreducibility, a contradiction. In the latter case, the quotient of 0(G) by its central 
subgroup Q{K) is isomorphic to Z|, and so dim(0) < 2, a contradiction. 

(ii) Setting h = g^" , we see that o{h) = 2 and so h ^ Z{G). By (i), (ie(^) = 2, 
whence we are done by Lemma [2.10( ii). □ 



Notice that members of the family C{q) satisfy the assumption made on G in 
Corollary Em 
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Lemma 2.12. Let g E G be a p-element of order p'^, and let U and V be ¥G-modules. 
Then du^vig) > duig)- 

(i) Assume that i ^ p and du{g) + rfy(fi') > P^ ■ Then = ■ 

(ii) Assume that i = p and k = 1. Then du^vi.9) = ^^^{p^duig) + dy{g) — 1}. 
In general, if Vi are ¥G-modules for 1 < i < s, then dvi(^...^Vs{9) = niin{p, 1 — s + 

Ei=i dvAa)}- 

(iii) Assume that i = p )(du{g) and g\v 7^ ly- Then du^vid) > du{g)- 

Proof. The inequality du(^v{g) > du{g) is obvious. 

(i) Let S denote the set of all p'^-roots of unity in F. Assume that du®v{g) < P^, 
say c G S' is not an eigenvalue for g on U <S)V. Let {oi, . . . , 0^}, resp. S'\ {61, . . . , 6„} 
be the set of all distinct eigenvalues of g on U, resp. on V, for some integers m, n > 1. 
For each i with 1 < i < m we have aiS = S, hence c G {ajfei, . . . , Oibn} and so Oibj = c 
for exactly one index j. Thus there are m ordered pairs such that aibj = c. 
On the other hand, for a fixed j, there is at most one index i such that Oibj = c. It 
follows that there are at most n ordered pairs such that Oibj = c, i.e. m < n 
and so du{g) + dv{g) < p^- 

(ii) Let Ja denote the Jordan block of size a and with eigenvalue 1 and let 1 < / < 
m < p. According to [F^t Theorem VIII.2.7], the Jordan canonical form of J; (S> Jm 
equals diag( J„+i_i, Jm+1-3, • • • , Jm^i+i) if / + m < and 

diag( Jp,...,Jp , J2p 

(m+l—p) times 

ii I + m > p. Now the first claim follows by taking / = du{g) and m = dv{g)- The 
second claim follows from the first by induction on s. 

(iii) Setting h := g — l, we see that h{u®v) = hu®hv+u®hv+hu®v for m G t/ and 
V eV . We can choose u and v such that h^u = 07^ h'^~^u, h^v = ^ hv, where n := 
du{g). Induction on m shows that h'^{u®v) = m,[h"^u®hv + h"^~^u®hv)+h'^u®v. 
Thus h'^{u(g)v) = nh'^-^u(g) hv ^ 0. □ 

Lemma 2.13. Let V be a finite dimensional Fp-space, G < GL(y), and let h E G 
be a p-element. For any positive integer k, let Vk := Ker((/i — 1)^). 

(i) If n > k then Vn+i/Vn embeds in Vk+i/Vk as a GG{h)-module. 

(ii) Assume h = g^ for some p-element g E G and n := dv{h). If dv„/v„-i{g) = 
then dv{g) = {n — l)p^ + m. 

Proof, (i) Clearly, the map / : K+i/K Vk+i/Vk defined by f{v + K) = {h - 
lY~^{v) + Vk is an injective CG(/i)-map. 

(ii) By the choice of n, = V . For any v eV , v' := {g — l)'^v G whence 

{g - i)("-i)p''+-^; = ((^ - l)py-it;' = (h- ly-^v' = . 
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On the other hand, by the choice of m, there is some u & V such that [g — 1)™ ^ 
V;„i and so ^ (/i - 1)""^^ - = {9 - 1)("-i)p'+"^-1u. Thus dv{g) = 

{n — l)p'' + m. □ 

Let C\ei{G) denote the set of conjugacy classes of ^'-elements of a finite group G. 
The following statement is basically due to Brauer: 

Lemma 2.14. Let G be a finite group. Assume a finite group A acts on Cle/{G) and 
on IBr^(G') in sudi a way that, for any a & A, any x ^ IBr^(G), and for any i' -element 
g E G, xio) = x"'{9"')j where g"' is an element in G such that {g"')^ = {g'^Y- Then 
the following statements hold. 

(i) For any a E A, the number of a-fixed conjugacy classes of i'-elements in G is 
equal to the number of a-fixed irreducible i-modular Brauer characters of G. 

(ii) The numbers of A- orbits on Cle'{G) and on IBr^(G) are the same. 

Proof, (i) Let C1^/(G) = {gf, . . . , g'^} and IBr^(G') = {ipi, . . . , (pm}- Then the matrix 
X := {sPii.9j))i<i j<m nondegenerate by [Do, Theorem 60.4]. Now one can repeat 
the proof of [IsJ, Theorem (6.32)] verbatim, (ii) is a consequence of (i). □ 

Corollary 2.15. Let G be a normal subgroup of a finite group H . Define the action 
of he H on CkiG) and IBieiG) as follows: {g^f = {h~^gh)^, ^^{g) = ^{hgh-^). 
Then the following statements hold. 

(i) The numbers of H -orbits on C\ii{G) and on \Qii[G) are the same. 

(ii) Assume H/ {Gh{G)G) is cyclic. Then the number of H -stable conjugacy classes 
of ^' -elements in G is equal to the number of H -stable irreducible £-modular Brauer 
characters of G. 

(iii) Assume H/G is cyclic. Then the number of H-stable conjugacy classes of 
i'-elements in G is equal to the number of irreducible (.-modular Brauer characters 
of G that are extendible to H. 

Proof, (i) follows from Lemma [2.14( ii). 

(ii) Clearly, Gh{G)G acts trivially on both Cli>{G) and IBr^(G'). Hence we can 
apply Lemma B.14( i) to a, a generator of H/{Gh{G)G). 

(iii) follows from (ii) by observing that if G \Qii{G) is iJ-stable precisely when it 
is extendible to H, cf. jFij Theorem III.2.14]. □ 

3. Some groups of low rank 

Example 3.1. We describe some properties of irreducible Brauer characters of G := 
SU^{q) emdH := GU-i{q) with q = pf . 

(i) The number of (p e IBii{G) that does not extend to H equals 

0, if (3,g+ 1) = 1 or £ = p, 
9, if 3|(g+ 1) and £ 7^ 3,p, 
3, if£ = 3|(g+l). 
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Indeed, the statement is obvious if (3,g + 1) = 1, as in this case H = Z{H) x G. 
Assume 3|(g + 1). It is shown in [Ge] that G has exactly 9 conjugacy classes that 
are not if-stable, where 3 of them consist of elements of order P and 6 consist of 
elements of order 3P, with P = p if p > 2, and P = 4 if p = 2. If i = p then none of 
them is an £'-class. If i ^ 3,p then all of them are ^'-classes. If £ = 3 then exactly 3 
of them are ^'-classes. So the statement follows from Corollary 12. 15( iii) . 

(ii) Assume i ^ p and (f G IBTg{H). Here we show that either ip lifts to character- 
istic 0, or there is a linear character A such that one of the following holds: 

(a) 3 7^ — g + 1), ip\ = St — 1, where St is the Steinberg character; 

(b) q = l(mod4), i = 2, ipX = x — ^ for some x ^ Irr(if) of degree q{q^ — g + 1). 
To prove the claim, we identify H with its dual group. We may assume g > 2 as 
H is solvable and so ip lifts if g = 2. Assume that ip belongs to £t{H, (s)) for a 
semisimple ^'-element s & H, cf. |BM] . There are 5 possibilities for Ch{s): GUi{q)^, 
GLi(g2) X GUi jq), GU ijq^), GU2{q) x GUi{q), and GU^{q). Moreover, it is shown 
in the proof of [GMST^ Proposition 11.3] that ip lifts to characteristic in the first 3 
cases. 

Consider the case Ch{s) = GU2{q) x GUi{q). According to Lusztig's classification 
[L] of irreducible characters of H, £{H, (s)) fl Irr(if) = {a, /3} with a(l) = q"^ — q + 1 
and P = q{q^ — q + 1). Moreover, by [FSJ and |GHj, a and (3 form a basic set for 
£i{H, (s)) n IBr^(iJ). In particular, ifj G £^{H, (s)) fl \Bii{H) has degree divisible by 
q^ — q + 1 and therefore a is irreducible, and \£t{H, (s)) fl IBr£(i^)| = 2. It is easy 
to see that a and (3 are irreducible over G. If 3 7^ ^\{q^ — g + 1), then a and j3 have 
^-defect 0. If 2 7^ £|(g — 1), then a and [3 are irreducible over G by [Ge] . It remains 
to consider the case £|(g + 1) and ip ^ a. Clearly, s is represented by diag(x,x,?/) 
with x'^^^ = y'^^^ = 1 and x ^ y. Since £\{q + 1), s is centralized by an element 
t := diag(;z, 1, 1) with \z\ = i. Observe that Gnist) = GUi{qf, so £{H, {st))r]\xi{H) 
contains a character 7 of degree (g — l)(g^ — g + 1); moreover, 7 G £i{H, (s)). It 
follows that ^ = aip + ha with < a, 6 G Z. Since (7|t/, lt/)c/ = and {a\u, '\-u)u = 1 
for a Sylow p-subgroup U of H (cf. |Gej ). 6 = 0. Also, 7(5') = —1 for some element 
(7 G f/, so a = 1. Thus = 7. 

Now we suppose that Ch{s) = GU^{q), i.e. s G Z{H). Multiplying by a linear 
character A of H, we may assume that s = 1. In this case, £{H, (s)) fl 1tt{H) = 
{InX^St} with ( the cuspidal unipotent character (of degree g^ — g) of H. It is 
well known that ( is irreducible over G. We may therefore assume that is a 
nontrivial constituent of St. If 2 7^ ^|(g — 1) then St is irreducible over G, cf. |Ge] . 
If 3 ^ £|(g2 - g + 1) then we arrive at (a) by [GeJ. If 2 ^ £|(g + 1), then ip liftsto 
a complex character of degree (g — l)(g^ — g + 1) by the results of [Ge] and |0W2j . 
Assume i = 2 and g is odd. From the results of [H2j , it follows that ip again lifts to a 
complex character of degree (g — l)(g^ — g + 1) if g = 3(mod 4), whereas one arrives 
at (b) if g = l(mod4). 
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iii) We will assume 3\{q + 1) and explicitly determine the Brauer characters of G 
t do not extend to H. If i = 0, then they are the ones labeled as X^(^\i)(^q2-q+i)/s 



and X(g+i)2(g_i)/3 with < u,v < 2 in [Gej . Observe that (g — l)(g^ ~" 9 + l)/3 < 
{q + l)^(g — l)/3, X(gli)(g2_g_,_i)/3 with different u take distinct values at some p- 

element, and X(g+i)2(q_i)/3 with different {u,v) take distinct values at some {3,p}- 
element. If 2 ^ i\{q — 1), then all of these 9 complex characters are of ^-defect 0, 
so their reductions modulo i yield the 9 Brauer characters that do not extend to H. 
These 9 characters also stay irreducible modulo i when 2, 3 7^ i\{q^ + 1), cf. |Gej . If 
£ = 3, then X(gii)(q2_^+i)/3 are irreducible modulo 3 by |0W2j . Finally, assume i = 
2\{q - 1). Clearly, X^(^+l)2^q_iys are of 2-defect 0. On the other hand, X(gii)(g2_,+i)/3 
is labeled by the PG'[/3(g)-conjugacy class of s := diag(l, u;, tu^) with |u;| = 3, whose 
centralizer in PGU^{q) is GUi{qf : Z3. It follows by (HM] that X(gii)(g2_g+i)/3 
are irreducible modulo 2. Thus, any ip G IBi^iG) either lifts to characteristic 
or extends to H . Furthermore, if q > 3 and i ^ p then the smallest degree of i- 
modular Brauer characters of G which are neither trivial nor a Weil character is 
(g-l)(g2-g+l)/(3,g+l). 

Arguing similarly, we obtain: 

Example 3.2. Let G := SL^iq) and H := GL^{q) with q = pf . 

(i) The number of ip E IBr^(G) that does not extend to H equals 

0, if (3,g-l) = 1 or £ = p, 
9, if 3|(g-l) and^T^ 3,p, 
3, if£ = 3|(g-l). 

(ii) Assume i ^ p and G IBr^(/7). Then either ip lifts to characteristic 0, or 
+ g + 1) and there is a linear character A such that (fX = r — 1, where r is the 

unipotent character of degree q^ + q of H . 

(iii) Assume (- ^ p and ip G IBr^(G'). Then ip either lifts to characteristic or 
extends to H . 

Lemma 3.3. Let g E G = SL2{q) with q > 3, o{g) = p"' and g'^^^ = 1. Assume 
G IBr^(G'), (£, g) = 1, and 1 < deg{<d{g)) < o{g). Then one of the following holds. 

(i) g is odd, pi ^ 4, o{g) = (g + l)/2 and dim(e) = deg(e(^)) = (g - l)/2. 
Moreover, if £ ^ p then {-1)p-^ ^ Spec(e(^)). 

(ii) g = 3(mod4), p = £ = 2, o{g) = (g + l)/2 = 2", and deg{Q{g)) = o{g) - 1. 
Furthermore, dim(0) = (g — l)/2 or dim(0) = g — 1. 

(iii) g is even, o{g) = \g\ = g+1. Ifi = p then dim(0) = deg(0(5f)) = g— 1. lf£^p, 
then eitiier dim(0) = g audi ^ Spec(0(5f)), ordim(0) = g— 1 and there is a primitive 
(g + l)-root e^l of unity in F such that Spec{Q{g)) = {1, e, e^, . . . e^} \ {e, e~^}. 
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Proof. First assume that i ^ p. It is well known that lifts to characteristic 0, so we 
may assume £ = 0. Now the statement follows from |Z3j if p > 2, and by inspecting 
the character table ofGifp = 2. If i = p > 2 then again the statement follows from 
[Z3] . Finally, let £ = p = 2. Since 2 < o{g) = 2"|(g + 1), g = 3(mod4). By pIT] . 
dim(9) = q + 1, (g — 1)/2, or g — 1. In the first case, 6 (considered as a representation 
of PSL2{q)) is of 2-defect and so deg(6(5')) = o{g). In the second case, assertion 
(ii) follows from [GTil §2]. □ 

Lemma 3.4. Let g E G = GL-z^q) with 3 < g = 3( mod A), g G G\Z(G) a 2-element. 
Assume G IBr^(G), (£, g) = 1, and 1 < deg(e(^)) < o{g). Then q + 1 = 2" > 8, 
and one of the following holds. 

(i) dim(e) = g, o{g) = 2^ and deg(e(c/)) = o{g) - 1. 

(ii) dim(e) = g - 1, Dig) = 2', and deg{Qig)) = o{g) - 2. 

(iii) dim(6) = g — 1, o{g) = 2'^~^, deg{Q{g)) = o{g) — l. Furthermore, 6 is reducible 
overSL2{q) if £^2. 

Proof. It is well known that G lifts to characteristic 0. Since o{g) > 2, \g\ is divisible 
by 4 and so g is irreducible on F^. Thus we may embed in a maximal torus Zq2_i 
of G. Now the statements follow by direct computation with the character table 
of G if £ 7^ 2. Assume that i = 2. Then B can be viewed as a representation of 
02'{G) X PGL2{q) and so the lemma follows from |GT4] if dim(B) = g — 1. It remains 
to consider the case dim(6) = g + 1. In this case is induced from a Borel subgroup 
B of G, and for any x E G, xBx~^ fl {g) < Z{G), whence deg{Q{g)) = o{g). □ 

Observe that any irreducible p-element of GL2{q) with p odd is contained in SL2{q) 
and has order dividing g+1. On the other hand, any irreducible 2-element g of GL2{q) 
with g = l(mod4) has o{g) = 2. So Lemmas 13.31 and 13.41 have determined d0{g) for 
all irreducible p-elements in GL2{q) and for all cross characteristic representations G. 
Next we turn to GU2{q). 

Lemma 3.5. Let g E G := GU2{q) he a semisimple p-element with o{g) = and 
let $ G IBr^(G) with (£, g) = 1. Suppose that 1 < deg(<l>(^)) < o{g). Then gi+^ = 1 
and one of the following holds. 

(i) £ 7^ g + 1 = p'^, and deg{^{g)) = dim($) = g. 

(ii) q + 1 = p'^, dim($) = g — 1, and deg{^{g)) = g — 1. 

(iii) g + 1 = 2p"-, dim($) = g - 1, and deg{^{g)) = (g - l)/2. 

Proof. It is easy to see that g is always reducible on the natural module V := F^a 
for G. If g fixes a singular 1-space of V, then deg{^{g)) = o{g) by [DZlj (one can 
also see it directly by looking at the action of (7 on a unipotent subgroup of order 
g of G and using Lemma 12.61 ). We will assume that g fixes no singular 1-space 
of V. It follows that g fixes a decomposition of V into an orthogonal sum of two 
nondegenerate 1-spaces, whence g'^'^^ = 1 and g belongs to the class G^lk, I) for some 
k,l in the notation of |Ennj . Suppose that p = i > 2. Then g G Z{G)S with 
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S := SU2(q). But the p-Sylow subgroups of S are cyclic, so we are done by |Z3j . 

Thus we will assume that p ^ i if i ^ 2. It is well known that $ can be lifted to 
characteristic 0; in particular, dim($) = g, g ± 1. 

If dim($) = g + 1 then $ is induced from a one-dimensional representation of a 
Borel subgroup B of G. It is easy to check that all elements b E B with b^^^ = 1 are 
in Z{G). Hence deg{^{g)) = o{g) by Lemma [2.61 

Assume dim($) = q. Twisting $ with a linear character of G, we may assume that 
$ is obtained by reducing the Steinberg character of G modulo i, and (£, g + 1) = 1; 
in particular, i ^ 2. Inspecting the character table of G |Enn] . we arrive at (i) if 



Assume dim($) = g — 1. If i ^ p, then by inspecting the character table of G |Ennj . 
we arrive at (ii) and (iii). It remains to consider the case p = i = 2. If g = l(mod 4) 
then o{g) = 2 (as g'^^^ = 1) and so deg{^{g)) = 2. So we may assume g = 3(mod 4). 
Clearly, ^{G) can be considered as a representation of 02'{Z{G)) x PGL2{q), whence 



To efficiently restrict our problem to certain natural subgroups, we need the fol- 
lowing statement. 

Lemma 3.6. Let G be a finite Lie-type group of simply connected type defined 
over Fq, with q = p^ . Assume G contains a central product Y := Xi * X2, where 
Xi contains a long-root subgroup U , and X2 contains a quasisimple subgroup T . 
Assume $ G l^i(,{G) with I ^ p and dim($) > 1. Assume in addition that G ^ 



{5p2n(g),F4(g),2F4(g), 252(g)} if 2|g, and G ^ {G2(g), ^2(9)} if 3|g. Then $|y 



contains an irreducible constituent $1 ® $2 such that $j G IBr^(Xj) for i = 1, 2, <l>i|[/ 
is nontrivial, and dim($2) > 1- 

Proof. Assume the contrary. Decomposing the representation space V of ^ into 
V = Cv{U) © [U, V], we see that [U, V] ^ as dim{V) > 1. The conditions imposed 
on G imply that Op^GciU)) = Q is a p-subgroup of symplectic type and Z{Q) = U 
(i.e. Z{Q) = [Q,Q] = $(Q) and [x,Q] = Z{Q) for all x G Q \ Z{ff)), cf. [LS], jMT] . 
By our assumption, all T-composition factors of V^] are of dimension 1, whence 
the (perfect) subgroup T acts trivially on [f/, V\. It follows that [Q,T] < Cq([?7, V\). 
Since CQ([f/, V]) is normal in Q and does not contain Ziff) = U, it is contained in 
Z{Q). In particular, [Q,T] < Z{Q) = U. But [U,T] = 1 by our assumptions, so 
[[Q,T],T] = [[T,Q],T] = 1, whence [T,Q] = [[T,T],Q] = 1 by the three-subgroup 
lemma. On the other hand, Cg{Q) < Z{Q)Z{G) is solvable, and we arrive at a 
contradiction. □ 

The next lemma considers the symplectic groups in characteristic 2 separately. In 
what follows, if G < I{V) is a classical group with natural module V, then by a 
standard subgroup Y of G we mean any subgroup Y = Xi* X2, with X^ = I{Vi)r\G, 
and = 1^1 © V2 is an orthogonal sum of (nondegenerate) subspaces. 



i^p. 



we arrive at (ii) and (iii) by |GT4] . 



□ 
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Lemma 3.7. Let G = Sp2n{q) with q = 2^, n > 2, and {n,q) 7^ (2,2). Let Y := 
Xi X X2 = Sp2{q) X Sp2n~2{Q) be a standard subgroup of G. Assume ^ G IBr^(G) 
with £ ^ p and dim($) > 1. Then $|y contains an irreducible constituent $1 ® $2 
such that $j G IBr^(Xj) for i = 1,2, dim($2) > 1 and $1 is nontrivial on a Sylow 
p-subgroup of Xi. 

Proof. Assume the contrary and consider a Sylow 2-subgroup f/ of Xi. Then \U\ = q. 
Decomposing the representation space W of ^ into W = CwiU) © [f/, VT], we see 
that VT] 7^ as dim(Vr) > 1. By our assumption, all X2-composition factors 
of [f/, VT] are of dimension 1, whence the perfect subgroup [X2,X2] acts trivially on 
[[/, VT]. Observe that Ng{U) = Q : (X2 x Zq_i), where Q is elementary abehan of 
order Observe that the set of linear characters of Q that are nontrivial on 

U partition into two XG'(f/)-orbits C of length q^-^i^q^-'^ _|_ g)(^g _ \)/2 for e = ±. 
Obviously, the Q-module \U, W] has to afford at least one of these two orbits . 
Thus (X2/[X2,X2]) X Ijq-i must act transitively on that orbit, a contradiction as 
2(g- 1) < |C>^|. □ 

Corollary 3.8. Let G be a classical group and Y := Xi*X2 be a standard subgroup 
ofG. Assume $ G IBr^(G) with {i,q) = 1 and dim($) > 1. Then <l>|y contains an 
irreducible constituent $1 ® $2 such that $j G IBr^(Xj) and dim($j) > 1 for i = 1,2, 
provided one of the following holds. 

(i) G := Sp2n{q), Y = Sp2k{q) x Sp2i{q), l<k<l,and {k,q) ^ (1,2), (1,3). 

(ii) G := SL^iq), Y = SLu{q) x SL^), 2<k<l,and {k,q) ^ (2,2), (2,3). 

(iii) G := SUniq), Y = SUkiq) X SUi{q), 2 < k < I, and {k,q) ^ (2,2), (2,3), 
(3,2). 

(iv) G := Spin^{q), Y = Spin^f^^q) * Spiui ^(g), and 6 < 2k < I. 

Proof. Our assumptions imply that [Xj,Xj] is perfect and Xi contains a long-root 
subgroup, whence we are done in the cases of (ii) - (iv) by Lemma 13.61 Assume 
the claim is false in the case of (i). Then every irreducible constituent of ^\y is 
either trivial on or trivial on [X2,X2]. In particular, if A < [Xi,Xi] and 

B < [X2,X2], then every irreducible constituent of $|a*s is either trivial on A or 
trivial on B. Now we get a contradiction by choosing A ~ Sp2{q) to be a direct 
factor of a standard subgroup of Xi and B = X2 and applying Lemmas 13.61 and 13.71 
to A X B inside Sp2(i+i){q) if {k,q) 7^ (2,2). If {k,q) = (2,2), then we can choose 
A X i? to be a standard subgroup 5*^2(4) x 5'p2(4) inside a subgroup 5^4(4) of G. □ 

Lemma 3.9. Let G = ^1{V) = ^tniq) with q = 2^ > A and n > A. Decompose the 
natural module F^" of G into the orthogonal sum Vi © V2 of nondegenerate subspaces 
V\ of dimension A and type —, V2 of dimension 2n — A, and let Xj := f2(Vi) for 
i = 1,2. Assume $ G \^ii{G) with 1^2 and dim($) > 1. Then $|xixX2 contains an 
irreducible constituent $1 © $2 such that <l>j G IBr£(Xj) and dim($j) > 1 for i = 1,2. 
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Proof. It suffices to prove the lemma for n = 4. Assume the statement is false for 
n = A. We can find e = ± such that {i,q — e) = 1. Decompose V2 into an or- 
thogonal sum of nondegenerate subspaces: 2-dimensional V21 = {a, b) of type e, and 
2-dimensional V22 = (c, d), with d being nonsingular. Then Stabcid) has the commu- 
tator subgroup Y ~ Spe{q). Consider the commutator subgroups Yi of StabY{a,b) 
(so Yi ~ Sp4{q)), and Y2 of {y e Y \ yy, = lyj (so Y2 ~ Sp2{q)). Clearly, $|y 
has an irreducible constituent of dimension > 1. By Lemma [3.71 ^'\yixY2 has an 
irreducible constituent $^ ® with $' G IBr£(Fj) and dim($*) > 1 for i = 1, 2. 
Since Yi > Xi, has an irreducible constituent of dimension > 1. Since 

Y2 > T := Q{V2i) — '^q-e and {i,q — e) = 1, $^|t contains a nontrivial irre- 
ducible constituent A. Thus $|jJCixr contains the irreducible constituent ® A 
with dim($^^) > 1 and A 7^ It- On the other hand, we have assumed that every 
irreducible constituent of $|xixX2 is either trivial on Xi or trivial on [X2,X2]. This 
is a contradiction, since [X2,X2] > T. □ 

Next we prove the counterpart of Lemma 13.91 for odd q. 

Lemma 3.10. Let V = ¥^ be a nondegenerate orthogonal space with n > 8 and 
q > 5 odd. Consider a standard subgroup Xi * X2 = Spin^{q) * Spinn^4^{q) of 
G := Spiniy). Assume $ G lBii{G) with (i,q) = 1 and dim($) > 1. Then $|xi*X2 
contains an irreducible constituent $1 ® $2 such that $j G IBr£(Xj) and dim($j) > 1 
fori = 1,2. 

Proof. It suffices to prove the statement for n = 8. Let Q denote the quadratic 
form on V. Consider an orthogonal decomposition V = (ei, /i) © (e2, /2) © (es, /a) © 
(e4,/4), such that Q(ei) = Q{f\) = Qie^) = Qifs) = 0, Q(e2) = 1, 62 ± /2, 
64 ± /4, (5(64) = —1, and {64, f 4) is of type — . Observe that Ai := (ei,/i,/2) is 
nondegenerate, ^42 := (es, /s, 62, 64) is nondegenerate of type +, and Ai ± A2. Inside 
H := Spin{Ai(BA2) = Spinr^q), Spin{A2) contains a long-root subgroup U of H, and 
^^^^(Ai) = Spin^{q) ^ SL2{q) contains a quasisimple subgroup T ^ SL2{q) if g 7^ 9, 
and T ~ 5'L2(5) if g = 9. In particular, Mult(T) = 1. By Lemma [331 applied to H, $ 
contains an irreducible constituent $11 ® $12 with $ij G IBr£(5'j9m(ylj)) for z = 1,2, 
dim($ii) > 1, and ^ulu is nontrivial. Setting ^3 := (63, /s, 62, 64, /4), we see that 
SpinlA^) = Spin^{q) is a perfect subgroup containing U . It follows that $ contains an 
irreducible constituent $21 ® such that $2j ^ IBr£(S'pm(y4j)) and dim($2j) > 1 
for i = 1,3. Next, A4 := (ea, /a, 64, /4) is a nondegenerate subspace of type — of 
A^, and Xi = Spin{A4) is perfect. Hence $ contains an irreducible constituent 
$31 ® $a4 such that $3^- G IBr£(S'pm(Aj)) and dim($aj) > 1 for j = 1,4. Finally, 
A5 := (ei, /i, 62, /2) is an (n — 4)-dimensional nondegenerate subspace containing 
Ai, and X2 = Spin{A^) contains the perfect subgroup Spin{Ai). Consequently, $ 
contains an irreducible constituent $44 ® $45 such that $4^ G lBTi{Spin{Ai)) and 
dim($4j) > 1 for i = 4, 5, as stated. □ 
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Note that the subgroup Xi in Lemmas 13.91 13.101 does not contain a long-root 
subgroup of G. 

4. Regular semisimple elements 

In this section we study the semisimple elements which are minimal in a certain 
sense. For instance, we consider G = GL^{q), with e = + for GLr{q) and e = — 
for GUr{q) and r is a prime (and r > 3 for e = — ). Let p ^ i he a. primitive prime 
divisor of q'" — 1, resp. g^^ — 1, for e = +, resp. e = — (cf. [Zs] for the definition of 
such prime divisors), and let (7 7^ 1 be a p-element in G. It is easy to see that Ccig) 
is a maximal torus of G of order q^ — e (so g is regular), and g is not contained in any 
proper parabolic subgroup of G. In fact, the elements we consider are the p-elements 
for which the Sylow p-subgroups S' of G are cyclic and Cg{S) is abelian - we will not 
use this observation in the sequel, though. 

For the reader's convenience, we record the following statement, (see also [GT2t 
Lemma 10.2]: 

Lemma 4.1. Let Q be a connected reductive algebraic group, F a Frobenius map on 
g, and let the pair {Q*, F*) be dual to {G, F). Assume x e Irr(^^) n S{g^, (s)) for 
some semisimple element s G (G*)^ ■ Then x is a Q-linear combination of those Rr,e 
belonging to S{Q^ , (s)) and some class function that vanishes at semisimple elements 
of . The same statement holds if one replaces the Lusztig series S{Q^, (s)) by the 
rational series S{Q^, (s)(g,)F*). 

Proof. Let / := Irr(^^) n S{g^,{s)), I' := Irr(^^) \ /, J := {Rr,e \ Rr,e G 
^{G^ and J' := {Rr,e \ Rr,e ^ ^{Q^ A^))}- Notice that the scalar prod- 
uct of characters is positive definite on the space of rational-valued class functions 
on . Clearly, I I' , J O and J' C (as Lusztig series form a partition 

of Irr(^-^)). Write {I)q as the orthogonal sum {J)q © S. Then any function f & S 
is orthogonal to J and also to J', so / is an orthogonal function; in particular it 
vanishes at semisimple elements of by |GT2l Lemma 10.2(i)]. Now any x ^ ^ 
can be written as a + /3 where a G {J)q and G S", and so we are done. The same 
argument applies to the rational series S{Q^, (s)(g.)F*) in place of S{Q^, (s)), as the 
rational series also form a partition of Irr(^^) (cf. |DMl Prop. 14.41]). □ 

One of the main results of this section is the following theorem: 

Theorem 4.2. Let ¥ be an algebraically closed field of characteristic i, Q a connected 
reductive algebraic group in characteristic r ^ £, F a Frobenius map on Q, and let 
G := . Let Q* be an algebraic group with a Frobenius map F* such that {Q* , F*) is 
dual to {Q, F). Let p ^ i be a prime with the property that any nontrivial p-element 
in (Q*)^* is regular semisimple in Q* and that {p,\Z{Q)/Z{Q)°\) = 1. Consider 
any irreducible ¥G-module V, with Brauer character ip and any nontrivial p-element 
geG. 
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(A) Then one of the following holds. 

(i) ijig)eZand dv{g) > ^{\g\). 

(ii) V lifts to characteristic 0. 

(B) Assume in addition that \T\^ < \G\r' for any maximal torus TofG with order 
divisible by p, that any nontrivial p-element in is regular semisimple in Q, and 
that {p, \Z{g*)/Z{g*y\) = l. Then dv{g) = \g\ in case of (ii). 

Proof. Notice that in statement (i), the second conclusion follows from the first one 
(and the assumption that any nontrivial power of g acts nontrivially on V). 

1) First we consider a generalized Deligne-Lusztig character Rr,e, where T is a 
maximal torus of Q and 6 a linear character of . By \DM\ Cor. 12.18], Rr,9 ■ St 
and hi(x^p{9) are equal up to sign, where St denotes the Steinberg character of G. 
Since St{g) is a nonzero integer, it follows that Rr,e{g) = if no G-conjugate of 
g is contained in T . Next assume that g E T but the (multiplicative) order M 
of 6 is not divisible by p. Consider any G-conjugate xgx~^ of g that lies in . 
Then {6{xgx~^))'' = 1 for k = M and for k = \g\. Since (M, \g\) = 1, we conclude 

9{xgx~^) = 1. Thus lB.d^p{6), and so Rr,e{g)i is rational. 

2) By the results of Broue and Michel [BMJ, V belongs to a union £i{Q^, (s)) for 
some semisimple ^'-element s G (Q*)^* . It is well-known, cf. |Dot Theorem 61.6] for 
instance, that any Brauer character in an £-block is an integral combination of the 
restrictions to ^'-classes of G of the complex irreducible characters belonging to the 
block. It now follows by Lemma [4.11 that ip{g) is a Q-linear combination of Rr,e{g) 
with Rr,e belonging to some S{Q^ , (st)). In particular, if Rr,e{g) £ Q for all such 
Rt,9 then ipid) ^ Q; stated in (i). 

3) From now on we assume ipig) ^ Q) whence there is a -Rr, e belonging to some 
S{Q^,{st)) such that Rr,e{g) 4- Q- this case, the results of 1) imply that the 
order of Q is divisible by p. As recorded in |GT2| Remark 10.3], the order of st is also 
divisible by p, whence p divides |s| as t is an ^-element centralizing s and p ^ L Let x 
denote the ]?-part of s. By our assumptions, Gg* {x)° is a maximal torus. On the other 
hand, by |DM| Lemma 13.14(iii), Remark 13.15(i)], the exponent of Gg*{x) /Gg*{x)° 
divides both and \Z{Q) / Z{Q)°\ and so it is 1 by our assumptions. Thus Gg*{x) is a 
maximal torus. Since Gg*{s) is contained in Gg*{x) and it contains a maximal torus, 
we conclude that Gg*{s) = Gg*{x). In fact, we have shown that Gg*{st') is connected 
and it is equal to the maximal torus Gg*{x) for any ^-element t' that centralizes 
s, whence the Lusztig series £{Q^ , {st')) and the rational series S{Q^ , {st')i^g*-^F*) 
coincide. Hence, Lusztig's parametrization of irreducible complex characters ensures 
that the degree of any irreducible complex character x in ^e{G^, (s)) is just D := 
{G : Gg*{s)^*)r' that is coprime to q. This in turn implies, as shown in [HMj . that 
the degree of any irreducible Brauer character in Se{Q^, (s)), in particular of ip, is 
divisible by D. Now ip is an irreducible constituent of the reduction modulo i of 
some irreducible complex character x i^i (s))- We can now conclude that 
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= i.e. V lifts to characteristic 0. Thus the statement (A) has been 

proved. 

4) Next we claim that x is actually a Deligne-Lusztig character Rr,e {ioi some T 
and 9 with p dividing \T^\) up to sign. For consider any Rr,e in £i{Q^ , (s)). Then 
Rr,e belongs to some £{Q^ ., (st)) with t an ^-element centralizing s. We have shown 
in 2) that Cg*{st) is a maximal torus, whence the relative Weyl group W{st)/W'^{st) 
is trivial (cf. [DMl Remark 2.4]). Since {Rr,e,RT,e)G < \W{st)/W%st)\ (see the 
proof of \DM\ Prop. 14.43]), Rr,e is irreducible (up to sign). Thus all Deligne- 
Luzstig characters in Sii^Q^, (s)) are irreducible up to sign. Since x is an irreducible 
constituent of some Deligne-Lusztig character Rr,e in (s)), we get x = '^Rr,e- 
As p divides \9\, p also divides and the claim follows. 

5) Now we may assume that x = ^Rr,e and p divides \T^\. Consider any nontrivial 
power h of g. The assumptions in (B) and the arguments in 2) show that Cg{h) is 
a maximal torus in Q, and so Cg(^) is a maximal torus in G of order divisible by 
p. Among maximal tori of G order divisible by p, choose T of largest order. Then 
ir^l, \G\ < \T\. Clearly, |IndJ^(^)(/i)| < (|T^| - l)|C|/|r^| < |T|. Hence P Prop. 
7.5.4] implies \xih)\ = \RT,eih)\ < |T|, meanwhile x(l) = (G : T^)r' > \G\r'/\T\ > 
|Tp. Now for any linear character a of A := {g) we have 

\A\ ■ (xU,«)a = 5^x(x)^ > |T|2 - \A\ ■ \T\ > 0, 

as A < . It follows that dv{g) = \g\- D 

Lemma 4.3. |GLl §10.1] Let ^m{x) denote the m*^ cyclotomic polynomial over Q, 
and n$J^(a;) be the polynomial associated with the finite group of Lie type G, see 
|GLl Table on p. 111]. Then Sylow p-subgroups of G are cyclic if and only if there is 
exactly one m such that p divides $m(Q') and = 1 for this m. □ 

Proposition 4.4. Let Q he a simple simply connected algebraic group with a Frobe- 
nius map F, and let G := be quasi-simple of exceptional type. Let q denote the 
common absolute value of eigenvalues of F. Assume p is a prime dividing \G\ such 
that Sylow p-subgroups S of G are cyclic. Then there is an F-stable simple simply 
connected algebraic subgroup C of Q of rank > 2 such that is quasi-simple and 
contains S, {p, — 1) = 1, and moreover one of the following holds. 

(i) is exceptional, any nontrivial p-element in is regular semisimple in £,, 
and {p,\Z{C)\) = l. 

(ii) = SL'^{q) with m > 3. Furthermore, p is a primitive prime divisor of 
g™- — 1 if e = + and of g^"^ — 1 if e = — . 

Proof. 1) First we show that the statements hold for C = Q if p satisfies the following 
three conditions: 

(a) There is an integer with (f{N) = r := rank(^) such that p\{q^ — 1); 

(b) If k is any integer with k\N and (f{k) < r then {p, — 1) = 1; 
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(c) If iS is a simple simply connected algebraic group of rank s\r, then {p, \Z{S)\) = 

1. 

Indeed, assume (a) - (c) hold but a nontrivial p-element g & G is not regular 
semisimple. Since Q is simply connected, C := Cg{g) is connected reductive. Let 
Z := {Z{C))° and V = CjZ. By assumption, g is not regular, so T> is semisimple of 
rank > 0. Also, g & and \C^\ = \Z^\ ■ \D^\^ so p divides either \Z^\ or \D^\. 

Notice that p cannot divide \HF\ for any F-stable connected reductive subgroup 
H of ^ of rank < r. Assume the contrary. Then there is an F-stable maximal torus 
T of Ti such that p divides \T^\. It is known that F acts on the character group 
of T as qFq with Fq of finite order t, and |T^| = det(g — F). Any eigenvalue u of 
Fq has minimal polynomial ^i{x) over Q, with < rank(7Y) < r. It follows that 
— 1) for some / with ip{l) < r. But p\{q'^ — 1), so p\{q'' — 1) for k := gcd(/, A^), 
contrary to (b). 

The above observation implies that Z = 1. Let T>i be a smallest F-stable semisim- 
ple subgroup of C. Since p divides either jl^il^ or \{C/Vi)^\, our observation implies 
that T>i = C. Thus C is a central quotient of S"^ with S being simple simply connected 
of rank s\r. Since g e Z{C), we conclude that contrary to (c). 

2) Now we can inspect the exceptional groups G of Lie type. 

Assume G = G2{q). By Lemma SSI p\^N{q) with A^ = 3 or 6, and (p, — 1) = L 
In particular, p > 3, so (a) - (c) hold. Thus we may take C = Q. 

Assume G = F^i^q). By Lemma p\^N{q) with A^ = 8 or 12, and (p, {q^ — l){q'^ + 
1)) = 1. In particular, p > 5, so (a) - (c) hold. Thus we may take C = Q. 

Assume G = EQ^q). Here, p\^N{q) with A^ = 5, 8, 9 or 12, and (p, $^(1?)) = 1 
for k = 1,2, 3, 4, 6; in particular, p > 7. Now we may take £ to be ^ if A^ = 9, an 
F-stable subgroup of type F4 if A^ = 8 or 12, and an F-stable subgroup of type A4 
(such that £^ ~ SL5{q)) if N = 5. 

Assume G = "^Eeiq). Then p\^N{q) with A^ = 8, 10, 12 or 18, and {p,^k{q)) = 1 
for k = 1,2, 3, 4, 6; in particular, p > 7. Now we may take £ to be ^ if A^ = 18, an 
F-stable subgroup of type F4 if A^ = 8 or 12, and an F-stable subgroup of type 
(such that ~ SU^iq)) ifN = 10. 

Assume G = E'j{q). In this case, p|$7v(g) with A^ = 5, 7, 8, 9, 10, 12, 14 or 18, 
and {p, ^k{q)) = 1 for A; = 1, 2, 3, 4, 6; in particular, p > 7. Now we may take C to be 
an F-stable subgroup of type £"0 if A^ = 9 or 18, of type F4 if A^ = 8 or 12, of type 
A4 if A^ = 5 or 10, and of type if A^ = 7 or 14. 

Assume G = Es{q). In this case, p|$Ar(g) with A^ = 7, 9, 14, 15, 18, 20, 24 or 30, 
and {p,^k{q)) = 1 for A; = 1,2,3,4,6; in particular, p > 7. Now we may take C to 
be an F-stable subgroup of type ii^g if ^ = 9 or 18, of type if A^ = 7 or 14, and 
Q otherwise. 

Assume G = ^D^i^q). By Lemma pl^uiq) and {p,q^ — 1) = 1. In particular, 
p > 5, and we may take C = Q. 
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If G = 2-S2(g2) one can take L = Q (cf. |Bi2]). If G = ^2(g^) one can take 
L = Q (cf. [HI, D.2]). Finally, assume G = ^F^iq^). Then p divides - + 1, 
q^ - ^/2q^ + q^ - V2q + 1, or q^ + v^g^ + q^ + V2q + 1 (cf. pT, D.3]), and one can 
take C = g (cf. [V, Prop. 4]). □ 

Now we are ready to deduce two important consequences of Theorem 14. 2[ 

Corollary 4.5. (A) Let S = SLl^{q) with n > 3 and let g & S be any semisimple 
element of prime power order > 1, with p a primitive prime divisor of g"" — 1 if 
e = + and of g^" — 1 if e = —. If V is a nontrivial irreducible ¥S -representation in 
cross characteristic £ then either 

{}) a ^ p and dv{g) > p"'~^{p — 1), or 

(ii) £ = p and dy{g) > p"" — 1, or 

(iii) i = p = (g" — l)/(g — 1), 5 = SLn{q), n a prime, o{g) = p,V is a Weil module, 
and dim{V) = dy{g) = p — 2. 

(B) The conclusion of (A) also holds if we assume that n is a prime and g & S is 
any irreducible element of prime power order p'^ with (p, g^ — 1) = 1. 

(C) Either (i) or (ii) holds, if we assume that S = Sp2n{q) or Spin2n{q), cind that 
g E S is any semisimple element of prime power order p°- > 1, with p a primitive 
prime divisor of g^" — 1 . 

Proof. (A) Our assumptions imply that p > n and Sylow p-subgroups of S are cyclic. 
Moreover, {Q,F,p) satisfies all assumptions of Theorem 14.21 with Q := S'L„(Fq) and 
F chosen such that = SL^^{q). Therefore, the result follows from [Z3j if £ = or if 
i = p, and from Theorem 14.21 if £ ^ p but V does not lift to a complex representation. 

(B) Observe that the classification of irreducible elements (cf. Lemma 15.21 below) 
implies that the assumptions of (A) hold. 

(C) Apply Theorem 112] to Q of type C„ or □ 

Theorem 4.6. Let Q be a simple simply connected algebraic group with a Frobenius 
map F, and let G := be quasi-simple of exceptional type. Assume p is a prime 
dividing \G\ such that Sylow p-subgroups of G are cyclic. Let W be an algebraically 
closed field of cross characteristic £ and let V be any nontrivial irreducible ¥G-module. 
Then for any element g E G of order p^, dy^g) > p^^^{p — 1) if £ ^ p, and dy{g) = p'^ 
if£ = p. 

Proof. By the virtue of |Z3j we may assume that £ ^ p. Next we proceed by induction 
on and embed g in as in Proposition 14.41 If we are in case (ii) of Proposition 
14.41 then we are done by Corollary 14.51 Otherwise is of exceptional type; in 
particular, the simply connected algebraic group {C*)sc dual to C is isomorphic to 
£, and {p, \C\) = 1. Let (£*,F*) be dual to (£, F), and let g denote the common 
absolute value of eigenvalues of F. We may now identify C* with C/Z{C) and F* with 
F. Claim that any nontrivial F-stable p-element in C/A is regular semisimple, for 
any A < Z{C). Indeed, consider any nontrivial F-stable p-element gA G (C/A)^. We 
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may assume g & £. has the same order as the order of gA in C/ A. Since gA is F- 
stable, we have F{g) = gz for some z & A. Hence 1 = F{g^) = g^ z^ = z^ , whence 
z = 1 as {N, \A\) = 1. Thus g is F-stable, and so Cc{g) is a maximal torus of C by 
our assumptions. Now if xA G Cc/Aig^)^ then xgx~^ = ga with a & A. Comparing 
the order and using (A^, = 1 once more, we get a = 1. Thus Cc/A^g) = Cc{g)/A 
is a maximal torus in C/ A as stated. The case is of type ^i?2, ^2, ^£'4(2), or 
^^4(2)', can be checked directly, so we will assume is none of these types. Then it 
is easy to verify that |£^|r' > (f? + > |Tp for any maximal torus of T of £, 

if r is the prime dividing q. Now we can apply Theorem 14.21 to C □ 

5. Classical groups: Irreducible elements 
We begin with the following (well-known) description of irreducible elements in 

Lemma 5.1. Let G := GLn{q), S := SLn{q), and letV := be the natural module 
for G. Assume g ^ G is an irreducible p-element with o{g) = jf" . Then {p,q) = 1, 
and the following statements hold. 

(i) Up to G-conjugacy, g is uniquely determined by its characteristic polynomial 
p{t), and p{t) is irreducible over ¥q. If 1 < m < o{g) then no eigenvalue of g"^ can 
belong to Fg. 

(ii) If \ e Spec{g,V), then ¥g{\) = F,. and Spec{g,V) = {A, . . . , A^""'}. 
Furthermore, g is G-conjugate to n distinct powers g'*\ < i < n — 1, of g. 

(iii) Let k be the smallest positive integer such that p\{q'^ — 1). Then n/k = p^ for 
some h E'L. 

(iv) In the notation of (iii), assume b > 1. Then g is S -conjugate to an irreducible 
p-element h of H := GLp{q'^^^) (naturally embedded in G) and pKq""^^ — 1). Assume 
in addition {p,n) 7^ (2,2). Then 1 7^ /i^ G Z{H) and belongs to a (proper) 
parabolic subgroup of G. Moreover, g^ ^ Z{G) if n > p, and o{g) = p if n = p > 2. 
If n = p^ > 1 and p > 2 then g ^ SLn{q). 

Proof. Since the unipotent part of g has nonzero fixed points on V, g must be semisim- 
ple, i.e. (p,g) = 1. 

(i) Inspecting the rational canonical form of g on V, we see that the irreducibility 
of g on V implies that p{t) is also the minimal polynomial of g. Let f{t) be any 
irreducible divisor of p{t). Then f{g)V is (^-invariant, and the action of g on f{g)V 
is annihilated by p{t)/ f(t). Hence f{g)V 7^ V, and so f{g)V = by irreducibility. 
It follows that p(t) = fit) is irreducible. Since pit) is the unique invariant factor of 
g, g is uniquely determined by p{t) up to conjugacy. The second statement follows 
by irreducibility. 

(ii) Clearly, A is a root of pit). But pit) is irreducible of degree n over Fg, so 
Fq(A) = Fqii. All the roots of pit) are A*^' with < i < n — 1, and all of them 
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belong to Spcc(5f, V) since g G GL„(g). In a basis oi V (S>^q we may assume that g 
is represented by diag(A, A"^, . . . , A'^" ). Then the n powers g'^' with < z < n — 1 
are distinct, and all of them are conjugate to g by (i), since they have the same 
characteristic polynomial 

(iii) In the notation of (ii) we see that \g\ — \X\ divides g" — 1; in particular, p\ (g"— 1) 
and so k\n. Write n/k = p^s with s G Z coprime to p. Then (g" — — 1) = 
s(modp). It follows that the multiplicative groups of F^n and F^n/s have the same 
Sylow p-subgroups, whence A G F^n/s. By (ii) we must have s = 1. 

(iv) Set Q := g"/^. Since Fqp = F^n, there is an element h E H with one eigenvalue 
(on W :— Fq) equal to A. When one embeds H in G naturally (by viewing W as 
an Fy-space and identifying it with V), h has the characteristic polynomial p{t) on 

V and so g and h are G-conjugate by (i). Next, HS = G, so g is S'-conjugate to 
some if-conjugate of h. So, up to S'-conjugacy, we can embed g in H. Since g is 
irreducible onV, h is irreducible on 1^. In a basis of (8) Fg we may assume that h 
is represented by diag(A, A*^, . . . , A*^^"^). Since A is primitive in Fqp, A^ 7^ 1 and so 

^ 1. Assume {p,n) 7^ (2,2). We show that A*-*^"^-*^ = 1, which implies that is 
scalar and so h'^ G Z{H). Indeed, if p is odd, then {Q'^ — 1)/{Q — 1) = j9(modj9^), 
whence {Q^ — l)p = p{Q — l)p and so |A| divides p{Q — 1). If p = 2 and 6 > 2 then 
A\{Q — 1) and we again have (Q^ — l)p = p{Q — l)p. If p = 2 and h — 1, then k — 1 
(by the choice of k) and so n = 2, contrary to our assumption. Thus y G Z{H). In 
particular, hP stabilizes a 1-space of W and so it fixes an n/p-dimensional subspace 
of V , whence it belongs to a parabolic subgroup of G. Next we assume g^ G Z{G). 
Then |A| = \g\ divides p(g — 1)^. If > 1, then (p, g — 1) = 1 by the choice of k, so 
|A| = p and Fg(A) C ¥^„/p, contrary to (ii). Thus k — 1. In this case, p(g — 1) divides 
g^ — 1, so (ii) implies n = p. Conversely, assume n = p > 2. Thenp(g — l)p = (g^ — l)p, 
whence A^ = A^"^ and g ^ Z{G) 3 g^, i.e. o{g) = p. Finally, assume that n = p'' > 1 
and p > 2 but g G SLn{q). Then k = 1, p|(g — 1), ((g"" — l)/(g — l))p = p* and 
1 = det{g) = X(i"-^)/(i-^\ yielding A^*' = 1. In this case ¥g{X) C F^n/p, contrary to 
(ii). □ 

In what follows, Spn{q) is considered only for even n, G02m+i(g) is considered only 
for odd g, and GUn{q^^'^) is considered only for g a square. (The reason we consider 
GUn{q^^'^) instead of GUn{q) in what follows is that we want to use g for the size 
of the defining field. This allows us to have a uniform argument for both SL- and 
SU-cases.) 

Proposition 5.2. Let G G {GUn{q^/^),CSpn{q),GO'^{q)}, S := [G,G], and let 

V := ¥g be the natural module for G. Assume g E G is an irreducible p-element 
with o{g) = p". Then (p, g) = 1 and the following statements hold. 

(i) Let k be the smallest positive integer such that p\{q^ — 1). Then n/k = p^ for 
some 6 G Z. Set Gi — Spn{q) if G — GSpn{q) and Gi — G otherwise. Then up 
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to Gi-conjugacy, g is uniquely determined by its characteristic polynomial p{t) , and 
pit) is irreducible over ¥g. Furthermore, g is Gi-conjugate to n distinct powers g"^', 
0<i<n — 1, ofg. 

(ii) Assume G = GUn{q^^^)- Then n is odd. Assume in addition that h>l. Then g 
is S-conjugate to an irreducible p-element h of H := GUp{q'^/'^^) (naturally embedded 
in G), p > 2, and pKg"/^^ + 1). Moreover, 1 ^ E Z{H), belongs to a parabolic 
subgroup of G. If n > p then o{g) > p, and if n = p then o{g) = p. If n = p^ > 1 
thengiSUn{q^'^). 

(iii) Assume G = CSpn{q) with n > 2. Then n = 2m, p > 2, pKq"^ + 1), and g is 
S-conjugate to an element in a torus of order q"^ + l of SL2{q^) (naturally embedded 
in Spn{q)). 

(iv) Assume G = GO^{q) with n > I. Then n is even, e = — , gi"^^+^ = 1, and 
either p > 2, or p = n = 2. Assume in addition that n > 2. If b > 1, then g can be 
embedded as an irreducible p-element h of H := GUpiq^^"^^) < 6*0^(5""/^^) (naturally 
embedded in G) and + 1); moreover, E Z(H) \ Z{G) and belongs to a 
parabolic subgroup of G. Furthermore, g is S-conjugate to an irreducible p-element 
in a subgroup GUn/2{(l) of G if n = 2(mod4), and in a torus Z(-^„/2+i)/(2,(j-i) of a 
subgroup P5L2(g"/2) ofG ifn = 0(mod4). 

Proof, (i) Clearly, g is an irreducible element in A := GLn{q). So (p, q) = 1. Semisim- 
ple elements in classical groups are classified up to conjugacy in |Wa] . In particular, 
two irreducible elements of Gi are conjugate if and only if they are conjugate in A, 
cf. |Wa[ pp. 34 - 39, 59]. We will show in (iii) that all irreducible p-elements of 
GSpn{q) are contained in S. Hence the statements follow from Lemma [5. 1[ 

(ii) It is well known that n is odd and \g\ divides g"/^ + 1. Assume 6 > 1; in 
particular, p is odd. Note that pKg'^/^ + 1) and so pKg"/^^ + 1) as p is odd. (Indeed, 
if p does not divide g*^/^ + 1 then k divides q'^^^ — 1 and g""/^ + 1, whence p = 2, 
a contradiction.) Fixing A G Spec{g,V), we have = 1. Using the natural 
embeddings G[/i(g"/2) < H < G, we can find an element h E H with an eigenvalue 
equal to A. Arguing as in the proof of Lemma ISTlT ii) we obtain that g is S'-conjugate 
to an if-conjugate of h. Embedding g in GLp^q^/^) we get 1 ^ E Z(H) by Lemma 
I5.1( iv). Clearly, the central element of H stabilizes a singular 1-space L of the 
Hermitian space F^„/j,. Notice that L becomes a totally singular n/p-dimensional 
subspace of the Hermitian space V, whence belongs to a parabolic subgroup of G. 
The last two claims follow from Lemma [5.1( iv). 

(iii) In our case n = 2m is even. It is shown in jTZTl pp. 2127, 2130] that \g\ divides 
(g — l)(g™ + 1). Notice that (p, g — 1) = 1. (Otherwise we would have k = 1 and so 
n = p'' by (i). If p > 2 then |A| divides (g — l)(g™' + l)p = g — 1. If p = 2, then g is odd; 
furthermore, m is even as n = 2^ > 2, whence |A| divides (g — l)(g"' + 1)2 = 2(g — 1). 
In both of the cases, |A| divides g^ — 1, violating the condition Fg(A) = F^n.) This in 
turn implies that l^^l divides g™ + 1 and it is shown in [TZll pp. 2127, 2130] that g is 
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S'-conjugate to an element in a torus of order + 1 of a natural subgroup SL2{q"^) of 
Sp2n{(l)- Finally, we notice that p > 2. (Indeed, if p = 2 then q is odd and p\{q — 1), 
a contradiction.) 

(iv) If n is even, then the irreducibility of g implies e = — , cf. \Wa.\ pp. 38, 59]. In 
general, the map A ^ X^^ acts on Spec(5', V) as an involution without fixed points 
(as g is irreducible), so n is even. So we may assume G = GO^^(g). It is well known 
that \g\ divides + 1. From now on assume n > 2. Arguing as in (iii) we get p > 2. 
Fixing A G Spec((y', V), we have A^™"*'^ = 1. 

Suppose 6 > 1. Using the natural embeddings GUi{q'^) < H < G02p{q"^^^) < G, 
we can find an element h E H with an eigenvalue equal to A. Arguing as in (ii) we 
obtain that h and g are G-conjugate, p\{q"^/^ + 1) and 1 =^ G Z{H). Clearly, the 
central element of H stabilizes a singular 1-space L of the Hermitian space F^jm/p- 

Notice that L becomes a totally singular 2-space of the orthogonal space F^^^^, which 
in turns is a totally singular 2m/j9-dimensional subspace of the orthogonal space V. 
Hence belongs to a parabolic subgroup of G. Since n = 2m > 2p, g'^ ^ Z{G) by 
Lemma I5.1( iv). 

If n = 2(mod4), then using the natural embeddings GUi{q"^) < K := GUm{q) < 
G we can find an element t E K with an eigenvalue equal to A, and so g and t 
are G-conjugate as above. We claim that g is S'-conjugate to t or f^. Firstly, the 
Frobenius map (that raises every element of K to its g-power) normalizes K, sends 
t to (a ii'-conjugate of) t^, and it can be realized as an element of G \ SO~{q) if q is 
odd, and of G\ S" if g is even (as n/2 is odd). Secondly, if g is odd then any generator 
of Z{K) belongs to SO~{q) \ 5* by |TZ4| Lemma 8.14] and centralizes t, so we are 
done. 

If n = 0( mod 4), we can argue similarly, using the embeddings Z(^gm_^^iy^ < PSL2{q^) — 
(g™/2) < G with e := (2, g - 1). In more details, one can choose a primitive prime 
divisor r of g^™' — 1 and a Sylow r-subgroup R of PSL2{q™'). Then R is also a Sylow 
r-subgroup of G (and S'), and Gg{R) = Zg-^+i- Hence the S'-conjugacy follows. □ 

A crucial rule in the treatment of irreducible p-elements is played by the following 
statement. 

Lemma 5.3. Let p > 2 be a prime, h>l,n = p^, and assume that either SLn{q) < 
G < GLn{q), or SUn{q^^'^) <G < GUn{q^^'^)- Let g e G be an irreducible p-element. 

(i) Then o{g) = p\ 

(ii) Let i ^ p, H a finite group with a central p' -subgroup G such that H/G ~ G 
and let h be a preimage ofg in H. Let $ be an irreducible ¥H -representation of degree 
> 1. Assume in addition that {n,q) ^ (3,4) in the SU-case. Then deg($(/i)) = p^ = 
o(h). In fact, Spec($(/i)) consists of all p^-roots of the unique eigenvalue of $(/i^ ). 

Proof, (i) Clearly, (p, g) = 1 and so p\{q^^^ — 1). By Lemma TS.lT iv) and Proposition 
I5.2( i). p|(g — 1). Let = denote the natural G-module, and let A be any eigenvalue 
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of g on V. Then |A| divides (g" — l)p = p*"*"'^ if p'^ := (g — l)p. In fact |A| = p^"'"'^ as 
otherwise Fg(A) < F^n/p, contradicting Lemma ISTTT ii). Thus a := A" G F^. In the 

S'tZ-case we even have a^^^"^^^ = 1 as p\{q^^'^ + 1) by Proposition I5.2( ii) . Moreover, by 
Lemma ISTTT i) and Proposition I5.2( i) . up to G-conjugacy, g is uniquely determined by 
the minimal polynomial — a of A over F^, where we set G = GLn{q) in the SL-case 
and G = GUniq^^"^) in the SU-case. It is easy to see that o{g) = p^. 

Now we choose a basis (fi, . . . ,f„) of V , which is orthonormal in the SU-case. 
Define a map x G GL{y) via x{vi) = Vi^i for 1 < i < n — 1 and x{vn) = avi. Then 
X belongs to G and is annihilated by — a, whence g and x are G-conjugate. But 
G <\ G, so X & G. Since det(x) = a, we conclude that G contains all matrices that 
lie in G and have determinant a power of a. Observe that Z{G)G = G. Indeed, 
G > [G,G] and the p'-part of G/[G,G] is covered by Z{G). On the other hand, 
det{g) = a generates the p-part of F*, whence the p-part of G/[G,G] is covered by 
X. It follows X and g are G-conjugate, and we will identify g with x. 

Next we consider the subgroup 

A = Zpc = |diag(xi, . . . , x„) | G F,, xf = l| . 

Clearly, A < G and A is normalized by g. Moreover, g^*" G ^^(^4) but g^*" ^ ^ 
CciAimod Z{G))). 

(ii) Our assumptions imply that G and H are not solvable, and Ker($) < Z{H). 
Since G is a p'-subgroup, without loss we may assume that g and A are contained in 
H, h = g, and g G NniA), gP' G CniA) but gP"'" ^ C h (Aimod Z{H))). Clearly, g 
permutes the A-eigenspaces on the representation space of and any cycle of this 
permutation has length dividing p*. If no cycle has length p^ then gP centralizes A 
modulo Ker($), a contradiction. Hence some cycle has length p'', and so deg{^{g)) = 

and Spec($(5')) consists of all p^-roots of the unique eigenvalue of ^{gP ). □ 

Theorem 5.4. Let SLp{q) < G < GLp{q) and let g & G be an irreducible p- 
element with p > 2. Let G IBrf(G) with dim(O) > 1 and {i,q) = 1. Then 
deg{Q{g)) = o{g) = p, except when (p, g, e) = (3, 2, -). 

Proof. 1) By virtue of Lemma [5.3( ii). we may assume that i = p. Since g ^ SLp{q), 
by Lemma l2.ll without loss we may assume that G = GLp[q). Furthermore, the 
proof of Lemma 13751 shows that g can be embedded in the subgroup X := Z^.^ I Sp 
(consisting of all the monomial matrices in the basis (ei,...,ep) specified in that 
proof). In fact we may and will identify g with the element x constructed in that 
proof. First we consider the case where g — e is not a p-power. Then we can find a 
prime r ^ p that divides g — e, and consider the diagonal subgroup R := Zp inside 
X (that is, any element in R multiplies Cj by an r-root of unity). Observe that g 
normalizes R but gZ{G) does not centralize R in G/Z{G). A standard consideration 
of 9(i?)-eigenspaces shows that deg(6(5')) = o{g) = p. 
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2) Now we may assume that q — e = p'^ for some integer c. Here we consider 
the case p = 3 and (g, e) ^ (2,—)- Setting K := Ker(9) > 03{Z{G)), we get 
G/K = Z X PGL\{q) with Z a central 3'-subgroup. Applying |Ch] to G/K, we get 
dQ{g) > 2 and so de{g) = o{g). 

3) From now on we may assume that p > 5. By way of contradiction, assume that 
deg(0((7)) < p, and let $ be any irreducible constituent of 9|x of degree > 1. Then 
^\op{x) is trivial and so $ is an irreducible representation of §p; moreover, ^(^f) is 
just the image of some p-cycle in §p under $. Since deg($((y')) < p, the main result 
of |KZj implies that dim($) = deg($(5')) = p — 2 and ^\kp is the heart of the natural 
permutation module. 

4) Assuming furthermore that {p,q,e) ^ (5,4,—), we see that p > 1. Now we 
choose A to be a standard subgroup Ap_2 of Sp (that permutes the basis vectors 
62, ... , Cp-i and fixes ci and Cp). Then $|a is the sum of the trivial module and the 
natural permutation module for A. We have shown that any irreducible constituent 
of Q\a is either trivial, or the heart of the natural permutation module for A (and 
has dimension p — 3). Let p denote the Brauer character of the latter. 

Consider the parabolic subgroup P of G, which fixes (ei)Fg and (ei, . . . , ep-i)^, 
in the case e = +, and fixes a singular 1-space inside (ei,ep)F_^2 if e = — • Then A 
embeds in the subgroup K := SLp_2{q) in the Levi subgroup of P. One can show 
(see e.g. |TZ2] ) that there is a constituent A of B|p such that the Brauer character 
A of A\k is the product of the so-called reducible Weil character of K and another 
Brauer character cu of K. That is, X{h) = €{eqY^^~^^uj{h), for any p'-element h E K 
and with e{y) being the dimension of the kernel of the transformation y acting on 
the natural module of K. 

On the other hand, we have shown above that there are integers a, 6 > such that 
\{h) = a + hp{h). Equating the two formulae for A(/i), where h is the identity and a 
3-cycle hi (recall that A = Ap_2 with p > 7), we get 

a + b{p-3) = q''~^oo{l), a + b{p - 6) = q''-^uj{hi) . 

Since p > 7, we get q^ > {p — 1)^ > 5p + 1. It follows that 

a + b{p-3) = g^"^cu(l) > q^ ■ \qP'^uj{hi)\ > q^{a + b{p-6)) > (5p+ l)(a + 6), 

whence a = b = and = 0, a contradiction. 

5) From now on we will assume that G = GU^^A) and that deg{Q{g)) < 5. Let ^ 
denote the Brauer character of 9. Recall we have embedded g in the subgroup X := 
Z5 I §5 consisting of all the monomial matrices in an orthonormal basis (ei, . . . , 65) of 
the natural module V = Ffg of G. Choosing B to be the standard subgroup A5 in X 
and arguing as in 3), we see that every irreducible constituent of T^js is either trivial, 
or equal to (3, the unique irreducible 5-Brauer character of degree 3 of B. 

6) Now we will construct a chain of embeddings B < C < S < G, with C = 
S'p4(4) and S = S'f/4(4). First we consider the permutation F2-B-module Mi : = 
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(fi, . . . ,f5)F2 (with B permuting the fj's naturally), and let M := {^^^i^jfj | Xi € 



^2,Yli=i^i ~ 0}- Then Mi supports a S-invariant bilinear form (■,■): {vi,Vj) = 6., 
whose restriction to M is nondegenerate. Choosing W := M ^4 and extending 
(■, ■) to W, we get an embedding B < C = Sp{W). Claim that, under this embedding, 
the involution t := (12) (34) G B belongs to the conjugacy class 2C of C in the 
notation of [Atlas] . Indeed, fix the basis 

/i := V1 + V2 + V3 + Vi, /2 := Vi + V2, /s := Vi + v^, := + 

/l 1 l\ 

of M. Then t is represented in this basis by the matrix 



10 1 
10 



which is an 



\0 1/ 

element of class ^432 in the notation of [Enoj . Using the character table of C as given 
in |Enoj . we see that x(^) = 2 if x ^ Irr(C) has degree 18. Inspecting the character 
table of C as given in [Atlasj . we conclude that t belongs to class 2C as stated. Also, 
by checking the trace of a 3-cycle y in B while acting on M and W, we may assume 
that y belongs to class 3A, in the notation of jAtlas] . 

Next we define the nondegenerate Hermitian form o on U := W (8>f4 by {au) o 
(Pv) = a'^P{u,v) for u,v eW and G Fig. This yields an embedding C < S = 
SU{U). Finally, identifying U with the orthogonal complement to Yl^=i^i ^5 
well as fi with ei + 62 + 63 + 64, /2 with ei + 62, fs with ei + 63, and /4 with 64 + 65, 
we get an embedding S < G. The identifications we made ensure that the actions of 
B on M and on V are compatible. 

7) Let ip be any irreducible constituent of -die- According to 5), ip\b = a + h[3 
for some < a, 6 G Z. Since [3{1) = 3, j3(t) = —1, P{y) = 0, we arrive at the 
equality ip{l) + 3ip{2C) — 4^9(3^4) = 0, where we have deliberately used the notations 
of some classes in C to denote representatives of the classes. Inspecting the 5-Brauer 
characters of C |JLPWj . we can verify that this equality forces (p = Ic- It follows 
that C < Ker(e) and so 6(1) = 1. □ 

Observe that the condition G ^ GU3{2) in Lemma [5731 and Theorem 15.41 cannot be 
removed; cf. Proposition 16. II below. 

For the next section we will need the following assertion about Weil modules: 

Lemma 5.5. Let G := GUpb{q) with q + 1 = ]f for some odd prime p, g E G an 
irreducible p-element, and let V be an (irreducible) Weil module of G in characteristic 
i coprime to q. Assume {p^,q) 7^ (3,2). Then dv{g) = o{g). 

Proof. By Lemma [5.3( i). o{g) = p^. Furthermore, by Lemma [5.31 and Theorem 15.41 
we may assume that i = p and 6 > 1. Let ( denote the Brauer character of V. Since 
g + 1 = p'^, we see that ( is just the restriction of the complex Weil character ^ as 
defined in |TZ2j to p'-elements (cf. |DTj ). In particular, for any p'-element x G G we 
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have 




where (5 is a fixed primitive (g + l)*'^-root of unity in ¥q2 and e{y) is the dimension 
of the kernel of the transformation y acting on F^j • 

Setting Q := q^^ \ by Proposition I5.2( ii) we may embed in a natural subgroup 
H := GUp{Q) of G. First we want to find all degree 1 composition factors of (\h- 
Recall (cf. )TZ2j ) that the reducible complex Weil character of G, resp. of H, is given 
by uj{x) = —{—qY^^~^\ resp. by uj'{x) = —{—Q)^^^~^\ where E{y) is the dimension 
of the kernel of the transformation y acting on the FQ2-space F^a- Observe that 
uj' = uj\h. Next, let t be a generator of Z{H) ~ Zq+i and z := ^(Q+y/te+i). Also fix a 
primitive (Q + l)**^-root r of unity in C and let ^ := r^Q'^^^^^'^^^\ By its definition (cf. 
|TZ2] ). for < 2 < g, the Weil character ^ of G is afforded by the ^*-eigenspace of 

z in the representation space of u. Similarly, for < j < Q, the Weil character 

of G is afforded by the r-'-eigenspace of t in the representation space of u'. It follows 

that 

0<i<Q, {q+l)\j 

Notice that Q + l= p^+^'H with = 1. By [DTHHM], Cp,Q(modp) is irreducible 
if I J(j or if j = 0, whereas if l\j and j ^ then (p Q^modp) is the sum of 1h and an 
irreducible Brauer character of degree > 1. Thus the number of degree 1 composition 
factors of C\h is exactly (Q + + 1) - 1 = /"^ - 1. 

4) By Proposition I5.2( ii) we can apply the main result of [DZl] to and obtain 
dv{g^) = o{gP) = p^~^ =: m. Consider the fihration V = Vm D Vm-i D . . . D Vi D 0, 
where Vk := Kei{{g'P—lY). Also by Proposition l5.2( ii). H < Ccig'^)- If the if- module 
Vm/Vm-i has a composition factor of degree 1, then so does every quotient VkjVk-i 
by Lemma [2.13( i). and so the number of degree 1 composition factors of C,\h is at 
least m, contradicting the result of 3). Thus all composition factors of the if- module 
Vm/Vm-i are of degree > 1. Notice that (p, Q) ^ (3,2), (5,4) as 6 > 2. Now g is an 
irreducible p-element in H of order p modulo Z{H), so dv^/Vm-iid) ^ P by Theorem 
15. 4[ It follows by Lemma [2.13( ii) that dy[g) > {m — l)p + p = p^ = o{g). □ 

Next we prove the following analogue of Lemma [5.31 for p = 2. 

Lemma 5.6. Let n = 2'' > 2, SL^iq) <G < GLr^q), (n, g) ^ (2,3), and i 2. 
Assume that $ is an irreducible ¥G-representation of degree > 1 and g & G is 
an irreducible 2-element with o{g) = 2°". Then deg{^{g)) > 2°"^^ + 1. In iact, 
deg($(5()) = 2"- ifq = l(mod4). 
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Proof, (i) Here we consider the case q = l(mod4). Let = denote the natural 
G-module, and let A be any eigenvalue of g on V. Then |A| divides (g" — l)p = 2^+'^, 
where 2'^ := (g — 1)2 > 4. In fact |A| = 2'^'^'^ as otherwise Fg(A) < Fgn/2, contradicting 
Lemma ISTlT ii). Thus a := A" G Fg. Moreover, by Lemma ISTlT i). up to G-conjugacy 
g is uniquely determined by the minimal polynomial — a of A over F^, where we 
set G = GLn{q). It is easy to see that o{g) = 2^* in this case. 

Arguing as in the proof of Lemma [5l3] (i). we can find a basis (f 1, . . . , Vn) of V, such 
that g{vi) = fj+i for 1 < z < n — 1 and g{vn) = avi. Since det{g) = —a, we conclude 
that G contains all matrices that lie in G and have determinant a power of —a. Now 
we can follow the proof of Lemma [5.31 to obtain that deg{^{h)) = 2°". 

(ii) Now we will assume that q = 3(mod4). Since {n,q) 7^ (2,3), we may ap- 
ply Corollary I2.11( i) and get deg{^{g)) > 2. In particular we are done if a = 1. 
We will therefore assume that a > 2 and so g"^ ^ ^{G)- By Lemma I5.1( iv). g^ 
belongs to a parabolic subgroup of G. Applying the main theorem of [DZlj . we 
see that deg{^{g^)) = oi^g"^) = 2°-~^ . Let yU be the unique eigenvalue of $((7^"). 
Then Spec($(5f^)) consists of all 2"~^-roots of /i in F. It suffices to show that 
deg($(c/)) > deg($(^2))^ 

Assume 6=1. If Z{G)G = G, then the statement follows from Lemma 13.41 
Otherwise SL2{q) < G < Z{G) ■ SL2{q) and g'^^^ = 1, and we can apply Lemma [3731 

From now on we may assume that b >2. Setting 2*^ := {q + 1)2 > 4 and arguing as 
in (i), we see that | A| = 2^"'"'^, where A is any eigenvalue of g onF^. First we notice that 
Z{G)G = G. (Indeed, G > [G, G] and the 2'-part of G/[G, G] is covered by Z{G). On 
the other hand, det(5') = A*-'^""^-'''*-'^"^^ generates the 2-part of F*, whence the 2-part of 

G/[G, G] is covered by g.) In particular, g and g'^ are G-conjugate by Lemma [572^ 11). 
Observe that o{g) = 2''+^"^ and \g\ = 2^^^. First suppose that /i 7^ 1, i.e. yU = — 1. 
Then any (3 G Spec($((7^)) is a 2^"'"'^~^-root of —1. Obviously, Spec($((7)) contains a 
square root 7 of /3, and such a 7 is a primitive 2^+'^-root of unity. As g and g'^ are 
conjugate, G Spec(<l>(5f)) for Q := q'^''~\ Since {Q - 1)2 = 2''+'="^, 7'^ = -7. It 
follows that Spec($((y')) contains both square roots of each j3 G Spec($((y'^)), whence 
deg{^{g)) = 2°-. Finally, we consider the case fi = 1. In this case we show that for at 
least one value Pq G Spec($((7^)), Spec($((7)) contains both square roots of Pq. Since 
Spec($((7^)) consists of all 2^"'"'^~^-roots of /i = 1 and b,c>2, we may choose Pq = —1. 
Now Spec($((7)) contains a square root 7 of Pq, as well as 7"^. Since q = 3(mod4), 
7'' = —7, and so we are done. □ 

Proposition 5.7. Let G := Sp2n{q) with n > 1 and let g ^ G be an irreducible 
p-element. Assume that 1 < deg(6(5')) < o{g) for some 6 G IBr£(G) with {i,q) = 1. 
Then p > 2, o{g) = \g\ = (g" + l)/(2, g + 1), and one of the following holds: 

(i) q odd, n is a 2-power, deg(6((?)) = o{g) — 1, and the Sylow p-subgroups of G 
are cyclic. 
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(ii) {n,q, \g\) = (3,2,9). Furthermore, either i ^ 2 and dim(9) = deg{Q{g)) = 7, 
ore = 3, dim(e) = 21 and deg{Q{g)) > 7. 

(iii) {n,q, \g\) = (2,2,5). Furthermore, £ = 3, and dim(6) = deg{Q{g)) = 4. 

Proof. 1) By Proposition I5.2( iii). g can be embedded in a subgroup X ^ SL2{q"') 
ofG, p> 2, and g'^'^^^ = 1. As Z{G) = Z{X), the values of o{g) for G and for X 
coincide; furthermore, o{g) = \g\. Let $ be a non-trivial irreducible constituent of 
Q\x- Then deg{^{g)) < o{g). By Lemma [3l3l \g\ = (g" + l)/(2,g+ 1) and either 
deg($((y')) = o{g) — 1, or g is even and deg{^{g)) = o{g) — 2. We claim that p is a 
primitive prime divisor of g^" — 1 and so the Sylow p-subgroups of G are cyclic, unless 
(n, q,p) = (3, 2, 3). Assume the contrary. Then p\n and p|(g^"/^ — 1) by Proposition 
I5.2( iii). Since p > 2 also divides + 1, we see that |)|(g"/^ + 1). This in turn implies 
(g" + l)/(g"/*' + 1) = p(mod 2p^) as p > 2. Since (g" + l)/(2, g + 1) is a p-power, we 
conclude that (g" + l)/(g"/P + 1) = p. Thus g" + 1 < (g"/*' + 1)^, which is possible 
only when {n,q,p) = (3,2,3). 

2) Here we show that n is a 2-power if (n, g) ^ (3,2). Indeed, the condition 
g" 7^ 8 implies by [ZsJ that there is a primitive prime divisor r of g^" — 1. Since 

= Ifl'l = {q"' + l)/(2,g + 1), we have r = p. Thus p is the unique primitive 
prime divisor of g^" — 1. Now assume n is divisible by an odd prime s. Then 
(g" + l)/(2,g + l) is divisible by gi := (g"/^ + 1)/(2, g+ 1) with gi > 1 and (gi,p) = 1 
(as (p, g^"/** — 1) = 1), a contradiction. 

So we are done if g is odd. We may now assume that g is even, and let 6 be the 
Brauer character of O. 

3) Assume {n,q,p) ^ (3,2,3). Then \g\ = p hj Lemma [221 and by [Z3J we are 
also done ii £ = p. Assume £ ^ p. Suppose there is an irreducible constituent 
$ of 0|x of degree g" — 1. Then by Lemma 13. 3[ there is a primitive |(7|-root of 
unity e G F such that Spec($(^)) = {1, e, e^, . . . , e'"} \ {e, e-^}. Then Spec(<l>(^«)) = 
{1, e, e^, . . . , e'^"} \ {e'', e~'^}. However, g and g^ are G-conjugate by Proposition 15. 2( i). 
Hence Spec(6(5')) contains all and deg(6((y')) = l^^l, a contradiction. We have 
shown that any irreducible constituent $ of 6|x is of degree g", and Spec(9(5')) = 
{e, e^, . . . , e''"}. In particular, g"|^(l) and B{g) = -^(l)/g". 

The case (n, g) = (2,2) leads to the conclusion (iii) by inspecting [JLPWj . So we 
will assume g" > 4. Claim that this assumption leads to a contradiction. Recall 
that n > 1 has been shown to be a 2-power. By embedding S'L2(g") in a subgroup 
S - SpiiQ) of G with Q := g"/^ > 2, it suffices to prove the claim for Spi{Q). 
Assuming deg{Q{g)) < \g\, we have shown that there is G lBTi{S) with 



(1) 



and 



(2) 
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Suppose lifts to characteristic 0. Then ([T]) imphes by [Enoj that ^ is the (reduction 
modulo t) of the Steinberg character of S", but in this case ^{V) = and ip{g) = 1 
violating ([2]). Thus (p does not lift to characteristic 0. This conclusion implies by 
jWh] that i\{Q + 1) and <p is either of degree Q(Q2 + i)/2 - 1, or {Q - 1)\Q^ + 1) - 
(a - 2)Q(Q - 1)2/2 with 1 < a < Q/2. In fact, a = 1 or 2 by [OWI] . Since Q > 2, 
none of these two degrees is divisible by Q^, contradicting ([1]). 

4) Assume {n,q,p) = (3,2,3). Then \g\ = 9, and g is rational. First assume 
i ^ 3 and let ?7 be a primitive 9- root of unity. Then the multiplicity of 1, resp. 
7]^, as an eigenvalue of 0(5') is equal to a := (6'(1) + 26{g^) + Q9{g))/9, resp. b : = 
{6(1) + 2e{g^) -36(g)) /9. Inspecting the Brauer characters of G |Atlasl[JLFW] . we see 
that a,b > 0, except for the case dim(6) = 7, for which a = 1, 6 = 0, deg(9((?)) = 7. 

Finally, we assume that {n,q,p) = (3,2,3) and £ = 3. Since G has a unique 
class of elements of order 9, we can embed g in a. subgroup SL2{8) of G and obtain 
deg{Q{g)) > 7 by Lemma 13.31 To find dim(9), next we embed g in a subgroup 

Y ~ SUi{2) and restrict B to Y. Direct computation done by F. Liibeck shows 
that the condition deg{Q{g)) < 8 implies 9\y = afi + hip^ + cipiQ for some integers 
a, 6, c > and pi G IBr3(F) of degree z = 1, 5, 10. Let h be an element of class in 

Y (in the notation of [Atlas] ) . Restricting the unique complex irreducible character 
X of degree 7 of G to F we see that h also belongs to the class in G. Now 
6{h) = a + b + 2c > 6{l)/b. Inspecting the 3-Brauer characters of G [JLPWj . we 
now see that ^(1) = 7, 21, or 35. Assume that 9{1) = 35. Then a = 6{z) = 0, 
whence b + 2c = 9{h) = 7. This in turn implies O^h"^) = —36 + 2c = —21, —13, or —5, 
contradicting |JLPWj . Thus 6(1) = 7 or 21 as stated. □ 

Remark 5.8. The example of the 7-dimensional representation in Proposition 
I5.7( ii) shows that there is no analogue of Lemma I5.3( ii) for irreducible p-elements in 
Sp2p{q)- 

Corollary 5.9. Let SL2n{q) < G < GL2niq) with n > 1 and let g E G be an 
irreducible p-element with p > 2. Assume that 1 < deg{Q{g)) < o{g) for some 
G IBr^(G) with (£, g) = 1. Then o{g) = \g\ = (g" + l)/(2,g + 1), and one of the 
following holds: 

(i) n is a 2-power, deg{Q{g)) = o{g) — 1, and the Sylow p-subgroups of G are cyclic. 

(ii) (n, q, \g\) = (3, 2, 9) and deg{Q{g)) > 7. 

Proof. Consider any eigenvalue A of (? on F^". By Lemma l5.1( ii). \g\ = |A| divides 
g^"' — 1 but not g" — 1. If pKg" — 1) then, since p > 2, p does not divide g" + 1 
and so p"" = \g\ divides g" — 1, a contradiction. Thus (j9, g" — 1) = 1 and so |A| 
divides g" + 1. It is easy to see that in this case p{t) is a multiple of t'^"'p{t~^), where 
p{t) denotes the minimal polynomial of the matrix g. By |Waj . it follows that g 
can be embedded in a subgroup S ~ Sp2n{<l) of G. Notice that the values of o{g) 
are the same for G and for S. Consider any nontrivial irreducible constituent $ of 
0I5. Applying Proposition 15.71 to $ and excluding the cases (n, g, l^^l) = (3,2,9) or 
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(2,2,5), we obtain all the conclusions of Corollary I5.9( i). except possibly the last 
one. Next, if {n, q,p, \g\) 7^ (3, 2, 3, 9) then p. 1) of the proof of Proposition 15. 71 shows 
that p is a primitive prime divisor of g^" — 1, whence the Sylow p-subgroups of G 
are cychc. It remains to consider the two exceptions. Assume (n, g, \g\) = (2,2,5). 
Then £ = 3 by Proposition 15. 7( iii) . and we easily obtain a contradiction by inspecting 
|JLPWj . Consider the other exception (n, g, l^^l) = (3,2,9). Note that any element 
of order 9 in G is irreducible. Next, G contains a subgroup X ~ 5*^6(2), and G has a 
unique conjugacy class of elements of order 9. So we may assume g G X. Applying 
Proposition 15.71 we obtain deg(0(5')) > 7. □ 

Lemma 5.10. Let V = F^" be an orthogonal space of type — with n > 1, Spin{V) < 
G < T(y), and let g & G he an irreducible p-element. Assume that 1 < deg{<d{g)) < 
o{g) for some 9 e lBTe{G) with {£, q) = 1. Then p>2, o{g) = \g\ = (g^" + l)/(2, g + 
1), n is a 2-power, deg(9(5')) = o{g) — 1, and the Sylow p-subgroups of G are cyclic. 

Proof. By Proposition I5.2( iv) . g can be embedded in a subgroup X ^ S'L2(g^") of G, 
p > 2, and g'^ = 1. As Z{X) and Z{G) are 2-groups, o{g) = \g\ for both X and 
G. Let $ be a non-trivial irreducible constituent of Q\x- Then deg{^{g)) < o{g). 
By Lemma [231 I*?! = (g^"" + l)/(2,g + 1) and either deg{^{g)) = o{g) — 1, or g is 
even and deg{^{g)) = o{g) — 2. Considering a primitive prime divisor of g^" — 1, we 
see that in fact p is the unique primitive prime divisor of g^" — 1 and so the Sylow 
p-subgroups of G are cyclic. 

Arguing as in p. 2) of the proof of Proposition 15. 7[ we see that is a 2-power. So 
we are done if g is odd. We may now assume that g is even. Then \g\ = phj Lemma 
12.21 and by [Z3J we are also done if i = p. Assume I ^ p. Suppose there is an 
irreducible constituent $ of Q\x of degree g^" — 1. Then by Lemma [3.31 there is a 
primitive l^fl-root of unity e G F such that Spec($(5f)) = {1, e, e^, . . . , e'^ "} \ {e, e~^}. 
Set G := GO^^{q). Recall that by Proposition l5.2( i) g is G-conjugate to the 4n powers 
g'^\ < i < An — 1. Since {G : G) < 2, we conclude that g and g'^ are G-conjugate. 
Clearly, Spec(<l>(^'?')) = {1, e, e^, . . . , e"?'"} \ {e"', e"*'}. Thus Spec(e(^)) contains 
all and deg(9(5')) = l^^l, a contradiction. We have shown that any irreducible 
constituent $ of 6|x is of degree g , andSpec(e(^)) = {e,e2,...,e'? }. □ 

The main goal of this section is to prove the following theorem: 

Theorem 5.11. Under the assumptions of Theorem \1.3[ assume that the element g 
is irreducible. Then one of the following holds. 

(i) p" > deg{e{g)) > p^-^p - 1). 

(ii) p > 2, deg{Q{g)) = p"-^^{j) — 1) and Sylow p-subgroups of G/Z{G) are cyclic. 
Furthermore, either a = 1, or i ^ p. If a> 2 then S = PSL^^^i^q) or PQ^^_^_2{q). 

(iii) o{g) = (g" — l)/(g— 1), S = PSLn{q), n> 2 a prime, 9 is a Weil representation 
of degree o{g) — 1 or o{g) — 2, and dim(6) = deg{Q{g)). Furthermore, either n > 2 
and i = o{g) = p, or n = 2 and q is even. 
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Proof. 1) Without loss we may assume that is an FG- representation, with F an 
algebraically closed field of characteristic i. By Lemma 12.11 we may assume that g is 
a p-element. Denote Z := Z(G) and L = G^°°\ For any x G G, x denotes the coset 
xZ. Let o{g) = p"", g^" = z E Z, and let 9(z) = /i ■ Id. 

First we handle the case p = 2. By Lemma 15.21 and Proposition 15. in this case 
SLn{q) < G < GLn{q) and n = 2'^. If £ 7^ 2 then we are done by Lemma ISlGT ii). 
Notice (see |Atlasj ) that Inndiag(S') /S" is either elementary abelian of order 4 or cyclic 
for any finite simple group of Lie type; moreover the first case can happen only when 
S = Pfl^^{q) with q odd and n > 2. Thus the assumptions of Corollary 12.111 are 
satisfied, and so de^h) > 1 for any h E G\Z, and d^^g) > 2°"^ + 1 if ^ = 2. (In fact, 
this argument works for any 2-elements and i = 2.) From now on we may assume 
p>2. 

Recall we are assuming g is irreducible (on the natural module V for the classical 
group corresponding to 5"). Let k be the smallest positive integer such that p|(g^ — 1). 
By Proposition 15.21 S is not of types PSU2m{q), P^2m+i{q), or Pfi^^(g). 

2) Assume S = PSp2n{q)- Then S < G/Z < PCSp2n{q). By Proposition [EKiii), 
g E S. Thus we can pick an element h E L such that g G hZ. Since o{g) = o{h) 
and de{g) = de{h), we may assume g = h E L = Sp2n{q)- Hence we are done by 
Proposition 15.71 

3) Assume S = PSLn{q) or PSUniq^^"^), respectively. By Lemma [5?T] and Propo- 
sition [5]2l n/k = p^ for some b E 1^. 

First we suppose that 6 = 0, that is, p is a primitive prime divisor of — 1. By 
virtue of |Z3j and Corollary 15.91 we arrive at (i), (ii), or (iii) if i = p. So we may 
assume i ^ p- Then {p,q — 1) = 1, whence g E S. As in 2), we may assume g E L 
and L = SLn{q) or SUn{q^^^)- Assume in addition that r\n for some odd prime r. By 
comparing the p-part in the group order, we may embed g in a subgroup R = SL^iQ) 
or SUr{Q^^'^) with Q := g"/^. Then the values of o{g) are the same in L and in R. 
Applying Corollary 14.51 we are done. Next assume that n > 2 is a 2-power. Then 
S = PSLn{q), and we are done by Corollary 15. 9[ Finally, let n = 2; in particular, 
S = PSL2{q) and g'^^^ = 1. In this case one can just apply Lemma [3.31 

Next we suppose that b > 1 but n > p. By Lemma I5.1( iv) and Proposition 
I5.2( ii). gP ^ Z{G) and g^ belongs to a parabolic subgroup of G. Moreover, no 
eigenvalue of g^ can belong to F^ by Lemma I5.1( i). By the main result of j PZlj . 
deid^) = o{gP) = p"-~^. On the other hand, d^^g^) > 1 by Corollary I2.11( i): in 
particular, a > 1. If £ = p, then Lemma [!^.10( ii) implies d^i^g) > p{dQ{g^) — 1) + 1 = 
p"" — p + 1 > p°'~^{p — 1). Assume i ^ p. If A; = 1, then a = b and dQ{g) = 
by Lemma [5.3( ii). We will now assume that k > 1. In this case, by Lemma [5.1( iv) 
and Proposition I5.2( ii) we may view g as an irreducible element of GLp{q^^^), resp. 
GUp{q"^'^P) . Notice that L contains a subgroup Li isomorphic to SLp{q^^^), resp. 
5t/p(g"/2p). Then L2 := {Li, g) is contained in GLp{q^/P), resp. GUpiq^'/^P). By 
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Lemma [531 applied to L2, if $ is any irreducible constituent of Q\l2 of degree > 1, 
then $((7) consists of allp-roots of the unique eigenvalue of $((7^). Lemma [2751 implies 
a = b + cif p'^ := [q^ — l)p. Let $ be any constituent of Q\l2 of degree 1. Since Li is 
perfect, $ is trivial on Li. Observe that g'^"'''^^ g Li and {(pI'P — 1)^ = ^''+^-1 = 
As (7 is a p-element, we conclude that (7^" ^ G Li; in particular, if /3 is the unique 
eigenvalue of ^{g^) then /J^" = 1. We have shown that Spec(0((7)) contains all 
p-roots of /5 G Spec(0((7^)), except possibly for the /?'s with = 1, for which 

we can say only that Spec(9((7)) contains at least one p-root of p. Consequently, 
deg{Q{g)) > pip"-^ - p"'"^) + p"''^ = p"-2(p2 _ ^ + 1). 

Finally, assume n = p. If i ^ p then o{g) = p = d^^g) by Lemma [5.3[ The case 
p = ^ is handled by Theorem I5.4[ 

4) Here we handle the case S = PVL^nio) with n > 3. Then S < G j Z < PG02ni(l)- 
Notice that o{g) = \g\ here, so = 1. Recall that p > 2, but the index of S in 
PG02n{Q) divides 4. Hence g E S and as in 2) we may assume g E L = S'pm^„(q'). 
If 2\n then we are done by Lemma 15.101 If 6 = and n is odd then we can apply 
Corollary 14.51 

From now on we suppose n is odd and 6 > 1. Proposition I5.2( iv) shows that 
g^ belongs to a parabolic subgroup of L. Applying the main result of |DZ1] to a 
nontrivial irreducible constituent of we obtain that deg{Q{g^)) = p""'^. Now 
a i = p then deg(6((7)) > pij)'^^^ — 1) + 1, so we will assume that (- ^ p- Also by 
Proposition I5.2( iv) we may embed (7 in a subgroup Y of L, with SUn{q) < Y < 
GUn{q)- First we assume that k > 2. Then o{g) is the same for G and for Y, and 
\G\p = \Y\p. Restricting 9 to F and applying the results of p. 3) above, we are done. 

Notice that k ^ 1 as 2n/k = p''. It remains therefore to consider the case k = 2 
and n = p^ . Let p'^ := {q + Then o{g) = in F by Lemma [5.31 and a = b + c. 
We have already known that Spec(0((7^)) consists of all p°~^-roots of unity in F. We 
will prove that deg{Q{g)) > p°- — p'^ +p'^^^, which completes the proof of Theorem 

EH 

First we suppose b < c. Consider any p'^~^-root P of unity in F and let E{P) := {6 G 
F\6P = (3}nSpec{Q{g)). Clearly, E{(3) ^ 0. Claim that \E{f3) \ = p if (3^^'" ^ I. For 
consider such a [3 and an irreducible constituent $ of 9|y such that (3 G Spec($((7P)). 
It is easy to see that g^" G X := SUn{q)- Hence the assumption /J^" 7^ 1 implies that 
^\x is nontrivial; in particular, dim($) > 1. By Lemma l5.3( ii). |i?(/5)nSpec($((7))| = 
p, whence the claim follows. Thus deg{Q{g)) > plp"-^^ — p'^^^) + p'^~^ =p"— p^ + p^~^. 

Finally, we suppose b > c. Consider any p^-root 7 of unity in F. Recall that g^ G 
Z{Y). The condition deg{Q{g^)) = o{g^) implies that 0|y contains an irreducible 
constituent $-y, such that $7(5''' ) = 7 ■ Id if 7 7^ 1, and Spec($7((7P)) contains some /3 
with 1 = /?P if 7 = 1. Consider the former case. If /3 G Spec{^^{gP)), then 

(3^'' ^ = 7 7^ 1, whence Z^^'' ^ 7^ 1 as 6 > c. Arguing as in the previous paragraph, 
we see that dim($^) > 1. Moreover, $7(5'^ ) = 7 ■ Id 7^ Id. By Lemma I5.3( ii). 
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Spec($^(5')) consists of all p''-roots of 7. In the latter case, the condition ^ 7^ 
1 again implies that dim($i) > 1. So by Lemma ISTST ii). Spec($i(5')) consists of 
all p^-roots of 7 = 1. Obviously, the sets Spec($^((7)) for distinct 7 are disjoint. 
Consequently, deg{Q{g)) = p'^^^ = p". □ 

The proof of Theorem 15.111 yields the following consequence: 

Corollary 5.12. Under the assumptions of Theorem \1.3[ suppose that p > 2 divides 
the dimension of the natural module V for G and that g is irreducible on V. Then 
one of the following holds. 

(i) deg(0(^)) = o{g) = p. 

(ii) o{g) = p°- > p and deg(9(5')) > —p + 1). □ 



6. Classical groups: Reducible elements 

Proposition 6.1. Let S := SUslq) < G < H := GU^{q) and g E G be a semisimple 
p-element with o{g) = p"'. Suppose $ G IBTe{G) with {i,q) = 1 and dim($) > 1. If 
q = 2, assume in addition that either g ^ 03(5*) or Ker($) does not contain Os{S). 
Then either deg{^{g)) = o{g), or one of the following holds. 

(i) g + 1 = p"', ^\s is a Weil representation, g is a pseudore flection, and deg{^{g)) = 

o{g)-l. 

(ii) p'' = q"^ — q + 1, (3, g + 1) = 1, $[5 is the Weil representation of degree q^ — q, 
and deg($(5()) = o{g) - 1. 

(iii) i = p > 2, o{g) = g + 1, $[5 is the Weil representation of degree q^ — q, and 
g is represented by diag(a*, a*"*"^, a*"^'^) for some a G F'a with \a\ = g + 1 and some 
i,k such that a ^ ^ 1. Furthermore, either p = q + 1 is a Fermat prime and 
deg{^{g)) > o{g) - 1, or q = 8 and deg{^{g)) > 7. 

(iv) g = 3, o{g) = \g\ = q + 1, g is not a pseudore flection, is the Weil represen- 
tation of degree q{q — 1), and deg{^{g)) = o{g) — 1. 

(v) q = 2, \g\ = 9, o{g) = 3, $[5 is a Weil representation, and deg{^{g)) = o{g) — 1. 

(vi) 2 = £ = p|(g + 1) and g belongs to a maximal torus of order (g + 1)'^ ofGU^{q). 

Proof. Let V = ¥^2 denote the natural module for H := GU^{q) and (p be the Brauer 
character of $. Observe that Weil representations of 5* extend to H . We will assume 
g > 2 in pp. 1) - 3) of this proof. 

1) Suppose g fixes a singular 1-space of V . Applying the main result of |DZ1] 
and |GMST[ Theorem 3.2], we arrive at (i). (More precisely, let X = C be the Weil 
character of Gf/„(g) as described in [TZ2[ Lemma 4.1], < i < g, and let g he a. 
pseudoreflection of order g+1. Then 

x\a = - — ^V^- E A - (1 - 5,0) (-ir«., 

g + 1 ^-^ 
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where A := (g) and ctj is the hnear character of A that sends g to 5', with 5 = 
exp(27ri/(g + 1)).) So we will assume that g fixes no nonzero singular subspaces of 
V. 

Suppose thep-Sylow subgroups of G are cychc; i.e. 2 7^ p\{q—i) or 3 7^ J'Kq'^— 
Then g ^ S := SU^i^q). In the case £ = or p, applying the main result of |Z3j to 5" 
we arrive at (ii). Assume i ^ 0,p and let \E' be an irreducible constituent of ^l^. If \E' 
lifts to characteristic then we again arrive at (ii). In the remaining case, \E' extends 
to H by Example 13.11 Since H/S is cyclic, we see by jFij Theorem III. 2. 14] that 
^ = Q\g for some G G IBr^(iJ), and G does not lift to characteristic 0. According to 
Example 13.11 we may assume ip = x — 1, where x is either the Steinberg character, 
or = 9(9^ "9 + 1)- We will use the character table of S as well as the notation 
for conjugacy classes of S as given in |Gej . In the case 2 7^ p\{q — 1), any power 
g"" ^ 1 belongs to the class C^^^^ and so ip{g"') = —1, whence d<i,{g) = \g\. In the case 
3 p\{q'^ — q + 1), any power g"" I belongs to the class Cg'^^ and so (p{g'^) = —2, resp. 
— 1, if X = St, resp. if = ~ Q + Since g > 3, it follows that d,^{g) = \g\. 

2) From now on we may assume p\{q + 1). Here we consider the case g is reducible 
on V. Under our assumptions, this implies by Proposition 15.21 that g belongs to a 
torus GUi{qY of H. In particular, CH{g)G = H, and Z{G) < Z{H), so by Lemma 
12.11 we may replace G by H. Multiplying g hj a. suitable central element of H, we 
may assume that g is represented by diag(l, a-', a^) for some a G F'a of order g + 1 
and some j 7^ A; G Z; in particular, o{g) = \g\. Since o{g) = p", we may assume that 
_ Setting h := diag(l, a-^, 1) and t := diag(l, 1, a'^), we see that g = ht, h 
is contained in a standard subgroup X = GU2{q) of H, and o{h) = \h\ = \g\. By 
Example 13.11 either ip lifts to x ^ Irr(if), or we may assume that = x — 1 with 

X = S't or = - g + !)• 

Assume i p and x is not a Weil character. By |TZ2^ Remark 4.18], x\x contains 
an irreducible constituent rj of degree g + 1, whence dr,{h) = o{h) by Lemma 13.51 
Restricting x to X x (t), we conclude that d^{g) = dr,{h) = \g\; in particular, we are 

done if (p = X- Assume (p = St — 1. Then 3 7^ £|(g^ — g + 1) and so (£, g^ — 1) = 1. 
Hence 7) is irreducible over X, and so 77 is a constituent of (p\x, whence we again have 
d<s>{g) = drj{h) = \g\. One can also check that d^{g) = \g\ in the other case where 

x(i) = g(g^ - g + 1). 

Assume i = p > 2 and x is not a Weil character. Then again x\x contains an 
irreducible constituent 77 of degree g + 1. As p > 2, we can write h = zhi with 
z G Z{X) and hi G Xi := SU2{q)- Since 2 < £|(g + 1), all irreducible constituents of 
ri\xi are of ^-defect and they are trivial at the p-element z; furthermore, \h\ = \hi\. 
It follows that 57 is irreducible over X and it is an irreducible constituent of ip\x', 
moreover, 'i7|(/ii) is free and so dfi{h) = \h\. Again restricting $ to X x (t), we 
conclude that d^{g) = dr^{h) = \g\. 
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Assume x is a Weil character; in particular, ip = x- Multiplying x by a linear 
character of if, we may assume that X = Cs where < i < g. In particular, 
< g + 1 for all 1 7^ a; G A := {g). First we consider the case (i ^ p. If 
\g\ < (g + l)/2, then the multiplicity of any linear character of A in x\a is at least 
{q^ — q — {q^ — l)/2)/\A\ > 0, whence d^{g) = \g\. So we must have \g\ = q + 1. 
Assume q > 7. Then one can show that < 4 for at least (g + l)/2 > 4 

elements x E A. Hence the multiplicity of any linear character of A in x\a is at 
least (g^ — g — (g + l)(g — 4) — 4 ■ 4)/|A| > 0, whence d~^{g) = \g\. In the remaining 
cases g = 3,4 one can check directly that d^{g) = \g\, except for the additional case 
recorded in (iv), where S = SUs^S), \g\ = o{g) = 4 but g is not a pseudorefiection, 
and d^{g) = 3. Since dq,{g) > 3 by Corollary 12.111 if £ = 2, we get d^{g) = 3 for any 
£ ^ 3 in this case. 

Assume £ = p 2 and x is a Weil character. By [Tj, the branching rule for 
restricting Weil characters to X [T] is as follows: Q\x = J2o<jf^i<qC2- Hence Calx 

always contains (2 some j 7^ 0, (g + l)/2. For such a j, C2 is irreducible over 
Xi = SU2{q)- Applying Lemma [375] to the constituents of $|x and the element h, 
we see that $|x contains an irreducible constituent such that either dqi{h) = \g\, 
or = g + 1 and d,^{h) > \g\ — 2. Restricting $ to X x (t), we conclude that either 
d<s>{g) = \g\, or p"- = g + 1 and dis,{g) > \g\ — 2. Consider the second possibility. Since 

g + 1 = r , 2 = + 1 if 2 7^ 0, cf. [DTI Theorem 7.2] and its proof. It follows that 

if = has degree g^ — g. Since q + 1 = p"- and p > 2, by Lemma [2.21 we have either 
a = 1 or = 9. In the former case, the rationality of implies by Lemma [2. 71 that 
d'liig) > o{g) — 1. In the latter case where p° = 9 we have dq>{g^) = o{g^) = 3 (as 
o{g^) < g + 1) and so ^$((7) > 7 by Lemma [2.10[ Thus we arrive at (iii). 
The open case £ = p = 2 is recorded in (vi). 

3) Suppose that g is irreducible andp|(g + l). By Proposition I5.2( ii) . p = 3 = o{g). 
In this case, c/$((7) = 3 by Theorem 15. 4[ 

4) Finally, we consider the case g = 2, so S* = 3^,_'^^ : Qs and H = 3^'^ : SL2{3). 
Clearly, \g\ = 3 or 9, and o{g) = 3. If \g\ = 9 then g is irreducible by Proposition 
I5.2( ii): moreover, g ^ S. Claim that if x G G \ Z{G) has order 3 then either 
X E Q := O^i^S) = 3'^'^ or X is a pseudorefiection. Indeed, assume |x| = 3 but x ^ S. 
Notice that GUi{2f : Z3 is a Sylow 3-subgroup of H. If x e GUi{2Y \ S then x is 
a pseudorefiection in H. Otherwise x permutes 3 ortho normal vectors 61,62,63 in V 
cyclically, in which case x fixes the nonsingular vector 61 + 62 + 63 and x belongs to 
another subgroup GUi{2)^ of H and so we are done again. 

Since H is solvable, ip lifts to x G Irr(G). It suffices to consider two cases: £ = 
and £ = 3. Suppose £ = 3. Then $ is an irreducible representation of S'L2(3). By our 
assumption, g ^ S. Hence, deg{^{g)) = 2 if $ has degree 2 (in which case is a 
Weil representation and we arrive at (i) and (v)), and deg{^{g)) = 3 if dim($) = 3. 
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Prom now on we may assume £ = 0. Observe that H has an irreducible character 

00 of degree 3 which is faithful on 03(5). We can list all irreducible characters of H 
as follows: 3 of degree 1 (we denote them by la, 16, and Ic), 3 of degree 2 (denoted 
by 2a, 26, and 2c), 7 of degree 3 (tu la6c and their complex conjugates, and one 
more denoted by 3c? which is trivial on 03(6')), 6 of degree 6 (cu 2a6c and their 
complex conjugates), 3 of degree 8 (denoted by 8a, 86, and 8c), and 2 of degree 9 
{u ® 3d and its complex conjugate). Among them, the seven characters la6c, 2a6c, 
and 3d are trivial on 03(5"). The ones of degree 2 and the ones of degree 3 except 3d 
are the 9 Weil characters oi H - they lead to the conclusions (i) and (v). It is easy 
to check that d^{g) = o{g) if x = 3c?. Assume x = 1^ ® 7 for some 7 G Irr(S'L2(3)) 
with 7(1) > 1. If g E Osi^S) then Spec{g,u!) consists of all 3 cubic roots of unity, so 
d^{g) = 3 = o{g). If g ^ O^^S), then Spec{g,u!) and Spec(5',7) each contain at least 
2 (distinct) cubic roots of unity, whence d^{g) = 3 = o{g). It remains to consider the 
case x(l) = 8- Then x\oa{S) is the sum of all 8 nontrivial linear characters of 03(5*), 
and so d^{g) = 3 for g E O^^S). On the other hand, if g ^ O^i^S) then g permutes 
cyclically 3 nontrivial linear characters of 03(5), yielding d^{g) = 3. □ 

Corollary 6.2. Let S := SUn{q) < G < H := GUn{q) with n > 4, and let g E G be 
a p-element with o{g) = p"" and g'^^^ = 1. Suppose $ G IBr^(G) with {i,q) = 1 and 

1 < deg($((7)) < o{g). Assume in addition that {i,p) 7^ (2, 2). Then q + 1 = p"-, g is 
a pseudoreBection, is a Weil representation, and deg{^{g)) = o{g) — 1. 

Proof. 1) If (7 belongs to a parabolic subgroup of H , then we are done by |DZ1] and 
|GMSTt Theorem 3.2]. So we may assume that g fixes no nonzero singular subspace 
of the natural module V = F^2- Since g'^'^^ = 1, it follows that g is contained in a 
torus GUi{q)"', i.e. g can be diagonalized in an orthonormal basis of V. In particular, 
CH{g)G = H, and Z{G) < Z{H), so by Lemma [2A] we may replace G by H. Since g 
does not fix any singular 1-space of V, all diagonal entries of g are distinct; in particu- 
lar, q + 1 > n and so g > 3. Multiplying g hj a central element and reordering the di- 
agonal entries of 5^, we may assume that g = diag(l, a, a^^, . . . , a^"-'^) for some a G F'a 
with \a\ = p° > 2; in particular, o{g) = \g\. Setting h := diag(l, a, a^^, 1, . . . , 1) and 
t := diag(l, 1, 1, a-^^, . . . , Q!-'"-^), we see that g = hi, h is contained in a standard 
subgroup X = GU^{q) of H, and o{h) = \h\ = \g\. Moreover, h is not a pseudoreflec- 
tion in X. Recall we are assuming deg{^{g)) < o{g). Restricting $ to the subgroup 
X X (t), we see that deg(\E'(/;.)) < o{h) for every irreducible constituent of ^\x- 
Applying Proposition 16.11 to h and any such constituent \Ef of degree > 1, we con- 
clude that g + 1 = and \E' is a Weil representation. Moreover, either i = p and 
deg{-^{h)) > o{g)-l, or £ = 3, g = 8 and deg{-^ (h)) = 7, or g = 3 and deg(*(/i)) = 3. 
By |GMSTt Theorem 2.5], this in turn implies that $ is a Weil representation, and 
either deg{^{g)) > o{g) — 1, or g = 8 and deg{^{g)) = 7. 

2) Consider the case g > 4. By Proposition 16.11 i = p', moreover, either g + 1 is a 
Permat prime or g = 8. Write g = /11/12, with hi = diag(l, a, a^^, . . . , a-'"-*, 1, 1) and 
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/i2 := diag(l, . . . , 1, a-'""^, a-'""^). Then we can embed g into a standard subgroup 

Y = Yi X Y2, with hi e Yi = GUn-2{q) and h2 e Y2 = GU2{q). Since $ is a 
Weil representation, $|y contains an irreducible constituent $1 ® $2, with $i a Weil 
representation of Yi. 

Assume g 7^ 8 and n > 5. By the results of 1) (or Proposition I6.ip applied 
to Yi and by Lemma [3751 applied to GU2{q), deg(<l'i(/ii)) > o{hi) — 1 = o{g) — 1, 
and deg($2(/i2)) > 2. By Lemma [2ll2]^ii), deg($i(/ii) (g) $2(/i2)) = o{g), whence 
d>s>{g) = o{g). 

Assume g = 8. By the results of 1) (or Proposition 16. ip and by Lemma [331 applied 
to Yi and Y2, deg(<l>i(/ii)) > o(/ii) -2 = 7, and deg($2(/i2)) > min{3, 9 - 2} = 3 
(notice that o{h2) = 3 or 9). Direct computation shows that deg($i(/ii)(8)$2(/i2)) = 9, 
whence d^{g) = o{g). 

Assume g 7^ 8 and n = 4. By Lemma [331 applied to Yi and Y2, deg(<l>i(/ii)) > 
o{hi)-2 = o{g)-2, and deg($2(/i2)) > (g + l)-2 > 3 (notice that o(/i2) = p = g + 1 
as g + 1 is a prime). By Lemma I2.12( ii). deg($i(/ii) ® $2(^2)) = ^(gf), whence 
d<s>{g) = o{g). 

3) Finally, assume g = 3. Since g + 1 > n, we get n = 4, and g = diag(l, a, o? , o?^ 
with |a| = 4. Furthermore, £ 7^ 2 by our assumption. Direct computation using 
[Atlas] and |JLPW] shows that d^{g) = o{g) = 4. □ 

Lemma 6.3. Let G := GUpb^i{q) with q + 1 = p'^ for some odd prime p, and let 
g E G be a p-element such that h := g^^ is a pseudoreBection with o{h) = g + 1. Let 

V he an (irreducible) Weil module of G in characteristic I coprime to q. Then either 
dv{g) = p'^q, or {p^, q) = (3, 2) and dy{g) = p^q — 1. 

Proof. The case {p'', q) = (3, 2) follows by direct check, so we will assume {p^, q) 7^ 
(3,2). It is well known (see e.g. |DZ1] ) that dyih) = o{h) — 1 = g. Without loss 
we may assume that the natural G-module has an orthonormal basis (ei, . . . , Cpb^i) 
in which h = diag(a, . . . ,a, (3) with a 7^ /? G ¥g2. It follows that in the same basis 
g = diag((7i,7) with 7 G Fg2 and gi & H := GUpb{q). Replacing g by j'^g we may 
assume that /5 = 7 = 1. Claim that gi is an irreducible p-element of H, of order p^ 
modulo Z{H). (Indeed, since o{h) = q + 1, a has order g + 1. But = h, hence gi 
is annihilated by — a. Now the proof of Lemma [5.31 establishes the claim.) 

Consider the case i ^ p. Then we may assume that the Brauer character of V is the 
reduction modulo £ of a Weil character Cpfc+i q as given in [TZ2] for some ^, < z < g. 

The branching rule for Weil representations pp yields Cpb+i^H = Y^o<j<q, j^i^l^^q- 
Moreover, if 5 is a primitive (g + l)*'^-root of unity in C then the central element h 
acts as the scalar 5^ on the representation space Wj of Cpb+i q- By Lemma 15. 5[ the 
spectrum of g on Wj consists of all p''-roots of 5K It follows that dv{g) = p^q as 
stated. 
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From now on we assume that i = p. Consider the filtration V = Vq D Vg^i D 
. . . D D 0, where 14 := Ker((/i - l)'^). Also notice that Cdh) = H x Z{G) and 
Z{G) acts trivially on V . Furthermore, since if is a standard subgroup of G, the 
branching rule for Weil representations [T] implies that any if-composition factor of 
V , in particular of Vq/Vq-i, is either of degree 1 or a Weil module. Claim that Vq/Vq-i 
has at least one i7-composition factor of degree > 1. Assume the contrary. Since 
Vq 7^ Vq-i, by Lemma [2.13( i) we see that the if-module V has at least q composition 
factors of degree 1. On the other hand, since g + 1 = p'^ and p > 2 we may assume 
that the Brauer character C, oiV is obtained by reducing the complex Weil character 
Cini.g inodulo p. Again by [TJ, Cp6+i,g|H = Cpb,g + EL2 C^,,- Moreover, Cp6^q(modp) 
is irreducible and (Cpb ^{ mod p) — 1h) is irreducible for z > by [DTI IHM] . Thus V\h 
contains exactly q — 1 composition factors of degree 1, a contradiction. 

Applying Lemma 13751 to the element gi & H and an if-composition factor of degree 
> 1 (which is a Weil module) of Vq/Vq-i, we get ciy^/y^.i (g) = dv^/Vg-i (fl'i) = P^- Hence 
we are done by Lemma [2.13( ii). □ 

Proposition 6.4. Let S := 5f/„(g) < G < H := GUn{q) with n > 4, and let g e G 
be a reducible p-element with o{g) = and p\{q + 1). Suppose g does not belong to 
any parabolic subgroup of H, and g'^^^ 7^ 1. 

(i) Then p>2. 

(ii) Assume in addition that $ G IBr^(G') with {i,q) = 1 and 1 < deg{^{g)) < 
p°'~^{p — 1). Then g + 1 = p is a Fermat prime, n = p'' + 1, o{g) = p^^^, g^ 
is a pseudoreHection in H, and is a Weil representation. Furthermore, either 
deg{^{g)) = p^ip -I), or q) = (3, 2) and deg{^{g)) = p^{p - 1) - 1. 

Proof. 1) Consider the action of g on the natural module V = F^a for H. Since g 
does not belong to any parabolic subgroup, by Lemma [279] we can decompose V into 
an orthogonal sum V = (B^^iVi of nondegenerate subspaces such that g is irreducible 
on each Vi. Let rij = dim(Vi), rii > ... > Ug > 1. Since g'^^^ 7^ 1, rii > 1, and 
s > 2 as g is reducible. By Proposition I5.2( ii). rii = p^' with bi > 1 and p > 2. 
In particular, we are done with (i). Now we proceed to prove (ii). Let gi := g\vi 
and p'^ := (g + l)p. Notice that GH{g)G = H. (Indeed, we have shown in the proof 
of Lemma that GU{Vi) = {SU{Vi), Z{GU{Vi)), gi) . Clearly, Z{GU{Vi)) and gi 
centralize g, and H = {SU{V),GU{Vi)).) So by Lemma [2. II we may assume G = H. 

2) Denoting 6 = 61, we choose largest k such that 6^ = b. Also, fix an eigenvalue 
Aj for each gi. Observe that with 1 < i < k are distinct; in particular, a > b. 
Indeed, suppose A^ = ^2 ■ By Lemma ISTlT ii). the p'^ eigenvalues of gi on Vi yield p^ 
roots to the equation x^'' = A^ . So without loss we may assume A2 = Ai. This in 
turn implies by Proposition 15. 2( i) that gi and g2 are conjugate in GUpb{q). Choosing 
bases in Vi and V2 suitably, we achieve the effect that the matrices of gi and g2, as 



42 



PHAM HUU TIEP AND A. E. ZALESSKII 



well as the Gram matrices, relative to these bases are the same. But in this case g 
belongs to a parabolic subgroup of G by Lemma 12.81 a contradiction. 

3) Here we consider the case i = p. By Proposition [521^11), belongs to a parabolic 
subgroup of G, and a > 2 according to 2). By Lemma [2.10( ii) and by our assumption, 
deg($(^^')) < j9""2(p - 1), whereas o{gP) = p^'K Hence by jMT] and [GMSTj . 
g + 1 = p is a Fermat prime, g^" = {g^Y^ ^ is a pseudorefiection of order q + 1 for 
some e > 1, and \^ is a Weil module. Since g does not belong to any parabolic 
subgroup of G, the arguments in |GMSTj imply that e = b, k = l,n = p^ + l. 
Applying Lemma [6. 3 [ we are done. 

4) From now on we assume I ^ p. Here we consider the case k = s, i.e. rii = 
. . . = Us = p^ . Then we can view g as the element diag(Ai, . . . , A^) in the subgroup 
GUiiQY of X := GUs{Q) naturally embedded in G, where Q := q^^ > 8. Observe 
that the values of o{g) in G and in X are the same. For, assume g^" G Z{X). Then 
Af = . . . = Af" \ Observe that p^-'^^q + 1) is divisible by p^'^'^ (as a > b), and 
\g\ = I Ail = p^'^'^ (as p is odd). It follows that all eigenvalues of gf are equal to 
Af , whence gf is scalar on Vi. Therefore, our assumption A^ = . . . = A^" ^ 
implies that g^" is scalar on V, a contradiction. 

Now we apply Lemma Proposition 16. 11 and Corollary l6.2l to the element g in X 
and an irreducible constituent \E' of degree > 1 of It follows that dxi,{g) = o{g), 
except possibly when Q + 1 G {p", 2p"}, and moreover g is a pseudorefiection in X if 
s > 2. By the conclusion of p. 2), g cannot be a a pseudorefiection in X, so s = 2. 
Furthermore, if Q > 8 then by considering a primitive prime divisor r of g^"^ — 1 we 
see that r divides Q + 1 but not 2(g + 1), whence Q + 1 ^ {p°-, 2p"}. Thus Q = S, 
G = GUe{2), and Spec{g, V) = {X{ \ j = 1, 2, 4, 5, 7, 8}, i.e. g belongs to the class 9C 
in SUq{2) (in the notation of |Atlasj ) . In particular, g is rational in SUq{2). Let 
be the Brauer character of any irreducible constituent of ^l^. Assuming d^{g) < 7, 
resp. d^{g) = 8, we o btain 0(1) + 2(j){g^) - 3^{g) = 0, resp. ^{1) + 2(^{g^) + 64){g) = 0. 
By inspecting |Atlasj and |JLPWj . we see that is trivial, whence dim($) = 1, a 
contradiction. We conclude that d<s>{g) = o{g) in this case. 

5) Now we may assume that k < s, i.e. bg < b. For i < k we have g^ = oui ■ Id 

is scalar, where cjj := Af ^ has order p. Meanwhile, gf ^ = Id for i > k. Hence 
a = b + c > 2 and o{g) = \g\. Following the proof of Lemma [5.3( i). for each i < k we 
can find di G GU{Vi) such that df = Id, [di,gi] = oji ■ Id. Setting di = Id ioi i > k 
and d = diag(c?i, . . . ,ds), we see that d'^ = 1, [d, g] = g^'^ \ 

Decompose $ = (B^Iq^i, with ^i{[d,g]) = e* ■ Id for a primitive p-root e of unity. 
Since o{[d,g]) = p, $j 7^ for some i ^ 0. For any such i, Lemma [2.10( i) applied 
to the actions of ^i{d) and ^i{g) yields that Spec($j((7)) consists of all p-roots of 
the elements in Spec($i((7^)). Also observe that if /5 G Spec($j((y'^)), then /^^^ = 1 
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Hi = and pP"'^ = ^ 1 = 13^"'' if z 7^ 0, since [d,g] = ^f""'. Similarly, if 
a G Spec($i(c/)), then a^""' = 1 if i = and a^"'' ^ 1 = a^" if i ^ 0. 

6) Assume d^{gP) = o{gP) = p''-^ Then d^{[d,g]) = d^{gP"~') = o{gP"~') = p, 
whence $j 7^ for all j. The argument in 5) shows that Spec($((7)) contains all 
the p-roots of /? G Spec($((y'^)) with 7^ 1, as well as at least one p-root of 
(3 G Spec($(c/P)) with /Jp""' = 1. Thus d^{g) > p(p«-i-p«~2)+p«-2 ^ pa-2(^p2_p^i^^ 
contrary to our assumption. 

7) It remains to consider the case dq,{gP) < p""^^ . By Proposition I5.2( ii) . g^ belongs 
to a parabolic subgroup of G\ moreover, rank(((7P — z)\y^ > 4 for any z G Z{G) if 
6 > 1. So the inequality dq,{gP) < p"'~^ implies by the main result of |DZlj that either 
(yf^" = ((7^)^" is a pseudorefiection of order g + 1 = p"""^ for some e > 1, or 6 = 1, 
(g,p"~^) = (2, 9) and rank(5fP — £) = ?> for some z G Z{G). In the latter case, c = 1, 
6=1, and a = 3, violating the equality a = 6 + c. So the former case must occur. 
As shown in |GMSTj . in this case 6 = e, n = + 1 (since g does not belong to any 
parabolic subgroup), and $ is a Weil representation. Hence we can apply Lemma 
16. 3[ Assume furthermore that {p'',q) 7^ (3,2). Then d^{g) = p^q = p°- — p°-~'^. Since 
we are assuming (i#((7) < p°' — p""'^, we get c = 1, p = q + 1, and so p is a Fermat 
prime. □ 

Remark 6.5. Stricly speaking, the main result of [DZlj in the symplectic case was 
proved only for Sp2n{q)- However, one can also handle any subgroup G such that 
Sp2n{q) ^ G < H := CSp2n{,q) and n > 2. Indeed, let 5^ G G be a semisimple 
|}-element with o{g) = p"' and g stabilizes a totally singular m-dimensional subspace 
U of the natural module F^" for G. Let 9 G IBr£(G) be afforded by an FG-module 
of dimension > 1, where {i, q) = 1. If p > 2 then g G Z{H) ■ Sp2n{q), and so we are 
done by pZlJ . In the case i = p = 2, de^g) > 2"-^ by Corollary EHU^ii). So we 
will assume p = 2 and 1^2. By Lemma [2.11 we can replace such a G by Z{H)G, so 
it suffices to consider the case G = H (and q odd). Let Q be the unipotent radical 
of Stabc{U) and Z := Z{Q). One can check that T := {g)/{g'^°) acts faithfully on 
Q. Since Z acts faithfully on V, V\ := [Z,V] 7^ 0. Note that T acts on the set X 
of linear characters of Z afforded by Vi. Let Vx denote the A-eigenspace for ZonV 
when A G A". 

First assume m = n, whence Z = Q. Claim that T has an orbit of length 2" on 
X, which implies that d^lg) = o{g). Otherwise, h := g"^" fixes every X E X. Since 
Q{x) is scalar on each V\ and on Cv{Z) when x G Q, it follows that [Q, h] = 1 on V, 
a contradiction. 

Now we may assume that 1 < m < n — 1. Observe that Q acts faithfully on 
Vi, and, since T acts faithfully on Q, QT acts faithfully (projectively) on Vi. Let 
Oi, 1 < i < s, be the T-orbits on X. For each i, let 2*^' := \Oi\, Xi G Oi, $i 
be the representation of {g)Q on Vx^, and 2** be the order of $j((?^''') modulo F*. 
Since £ 7^ 2, $j is a direct sum of irreducible summands 1 < j < tj, where 
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$ij is a faithful irreducible representation of the extraspecial group Q/Ker(Ai). We 
may assume 2^^ is the order of ^ii{g'^"'') modulo F*. Clearly, + 6j < a. Moreover, 
deg(e(^)) > 2'*'-deg(<l'i(^2''«)) by LemmaEJl so we may assume that ai < a. Observe 
that there is some i such that aj + 6j = a (otherwise [/i, Q] = 1 on Vi, a contradiction). 
For this i, suppose ^i^g"^") = /3-ld. Multiplying 0(5^) by 7 G F with 7^" = we may 
assume that $^((7^") = Id. Applying |DZlt Theorem 2.6] to the representation $ji of 
Q/Ker(Ai)), we obtain that deg($ii(fl'^"')) > max{2,2'''- - 1}. Consequently, 

deg(G(^)) > 2"' ■ deg($ii(^^"')) > 2^^' ■ max{2, 2''" - 1} > 2^'\ 

Lemma 6.6. Let Sp2n{,<i) <G < CSp2n{(l) with n > 2 and q = 3(mod4). Assume 
g eG with o{g) = 2" >2, and G lBTe{G) with {i, 2q) = 1 and dim(e) > 1. Then 
deg(e(^)) > 2"-i + 1. 

Proof. 1) By Corollary I2.11( i) we may assume that a > 2. Furthermore, by |DZ1] 
and Remark 16.51 we may assume that g is a 2-element that does not belong to any 
parabolic subgroup of G. Arguing as in the proof of Lemma 12. 9[ we can decompose 
the natural module V = F^" into a direct sum ©|=iVi of irreducible (5')-submodules. 
By Proposition I5.2( iii). dim(\4) = 2 for all i, and so s = n. Let Aj be an eigenvalue 
of gi := g\vi, 2°-^ := |Ai|, 2'^ := (g+ 1)2. Note that < c+ 1. We reorder the V^'s such 
that cti > a2 > . . . > a„. We also assume that g changes the symplectic form on V by 
the scalar r G F*. In particular, r = det(5'j) = Af"*"^ = ±1. Let X := Xi x . . . x 
where Xi := SpiVi). 

2) Here we consider the case r = 1, i.e. g G Sp2n{.'i)- Observe that gf^ = —Ivi, 
hence a = oi — 1 if ai = a„, and a = ai if ai > a„. Furthermore, g1^^ = ly, for all i 
and < c. 

Assume a = ai — 1. Then g > 7 as a > 2. Since gi ^ Ker(0), we can find an 
irreducible constituent $ = $1®. . of <d\x with $i G IBr£(Xj) and dim($i) > 1. 

By Lemma E31 deg($i(^i)) > 2"^'^ - 1 = 2° - 1. It follows that deg{Q{g)) > 
deg($(^))>2«-L 

Assume a = ai = . . . = ak > ak+i- Then gf'' = —Ivi if i < k and gf = for 
i > k. It follows that h := g"^" has o{h) = 2 and belongs to a parabolic subgroup 
of G. By jPZT] . deg(e(/i)) = 2, and so O = 0+ © 0_ (as Cc(/i)-modules), with 
0e(/i) = e ■ Id for e = ±. Clearly, Gcih) > X. Consider any irreducible constituent 
$ = $1®. . of 0_|x with $j G IBr^(Xi). Since -Id = $(/i) = (g)f=i$i(-lyj(g)ld, 
there is some i < k such that $,(— lyj = —Id; in particular, dim($j) > (g + l)/2. 
If g > 7 then deg{^{g)) > deg{^i{gi)) > 2°"^^ by Lemma [3.31 The same is true for 
g = 3, since S'L2(3) = Q^-.'i and gi ^Q% \ Z{Q^). Moreover, if 7 G Spec($((7)), then 
7^" ^ = — 1 as $(/i) = —Id. Obviously, ^ = 1 for any eigenvalue 5 of Q^{g). It 
follows that deg(0(^)) > 2""^ + 1. 

3) From now on we assume that r = —1. In particular, A^^^ = — 1 and so \gi\ = 2'^^^ 
for all and a = c. Here we consider the case g > 7 and set Y := {X,g), Yi := 
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{Xi,gi). Then we can find an irreducible constituent $ of 0|y sucli tliat tlie FX- 
representation $ contains an irreducible constituent $i (g) . . . C?) $„ witli $j G IBr£(Xj) 
and dim($i) > 1. It is easy to see tliat Qi ^ Xi 3 gf and o{gi) = 1" (as an element 
in any subgroup between S'piyi) and CS-piyi)), since q = 3(mod4). By Lemma 
eitlier deg{<!>i{gf)) = 2^-\ or deg($i(^?)) = 2^-^ - 1 and (g + l)/2 = 2^"^ Since 
I? > 7, c > 3 in tlie latter case. Thus in both cases deg($i(5'^)) > 2^^"^. 

Assume is not ^f-stable. By Lemma [2^61 deg($(5')) > 2 deg{^i^^^i{gf)) > 

2deg{^i{gj)) > 2^="^, whence deg(6(5f)) > 2"-'^ as desired. 

Assume is ^f-stable. As X = Xi x . . . x it follows that $f ~ $j for each 

i. Since Yi/Xi = Z2 and ^ 7^ 2, there are exactly two FFj-representations with 
= Then $+ = is a representation of (the external direct product) 

Fi X . . . X F„ with = ®"=i$i = Now F/X = Z2, and $+|y and $ are two 

extensions of to F. Hence, multiplying $ by an Fy-representation of degree 

1, we obtain $ = $+|y. It follows that deg($(5f)) = deg($+(5f)) > deg{(^f{gi)). 
Observe that (g) ~ ^p(l^i) < Yi < CSp{Vi) ~ GL2(g) = {Zig-i)/2 x 5L2(g)) ■ 2. 
So we may view as a representation of degree > 1 of GL2{q). By Lemma |3.4[ 
either deg($i(c/i)) > 2^= - 1, or deg($i(c/i)) = 2^ - 2 and g + 1 = 2^ Since g > 7, 
c > 3 in the latter case. Thus in both cases deg($i((7i)) > 2^^^. Consequently, 
deg{Q{g)) > 2"~^ as desired. 

4) Finally, we consider the case r = —1 and g = 3. In this case, Xf = —1 and 
Spec((7j) = {Aj,Af}. Consider the element h = dia.g{gi,gj) of CSp{U) ~ CS'p4(3), 
where U := Vi ®Vj with i ^ j. If Spec ((7,) = Spec((7j), then g is centralized by an 
element of order 3, whence g belongs to a parabolic subgroup, a contradiction. So 
Spec(5'j) n Spec(5'j) = for any i 7^ j. It follows that n = 2 and Spec((y') = {\{ \ 
j = 1,3,5,7}. In particular, g belongs to class AD in PCSp4^{3) (in the notation 
of [Atlasj ) and g is rational in G = CSpiV). Since o^g"^) = 2, deg{Q{g^)) = 2 by 
Corollary [21I](i). Recall that o{g) = 4. If e(^^) = Id, then Spec{Q{g^)) = {1, -1}, 
and the rationality of g implies that Spec(0((7)) contains both two nonreal 4-roots 
±/i of unity and at least one of the two real 4-roots of unity. If Q{g^) = —Id, then 
Spec(0(5'^)) = {/i, —fi}, and the rationality of g implies that Spec(0((7)) contains all 
four primitive 8-roots of unity. Thus deg{Q{g)) > 3 as desired. □ 

Next we work with the Clifford algebra C{V) and Clifford group T{V), where 
V = ¥g is endowed with a nondegenerate quadratic form for g odd and n > 2. We 
refer to |TZ5j for basic notation and facts about them. 

Lemma 6.7. Let = F^ be endowed with a nondegenerate quadratic form, where 
n > 7 and q = 3(mod4). Assume that Spin{V) < G < H := T+iV), g E G with 
o{g) = 2" > 2, and that 6 G IBr^(G') with {£,2q) = 1 and dim(0) > 1. Then 
deg{e{g)) > 2"-^ + 1. 

Proof. 1) By Corollary I2.11( i) we may assume that a > 2. Furthermore, by |DZlj 
and Lemma 12.11 we may assume that g is a 2-element that does not belong to any 
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parabolic subgroup of G. By Lemma 12.91 we can decompose V into a direct sum 
®l=iVi of irreducible ((y')-submodules. Let Aj be an eigenvalue of gi := g\vi, 2*^* := |Aj|, 
2^^ := [q+ 1)2. By Proposition I5.2( iv). rii := dim(Vi) is 1 (in which case Aj = ±1) 
or 2 (in which case Vi is of type — , A^"*"^ = det{gi) = 1). Thus cii < c for all 
i. We reorder the V^'s such that rii > n2 > ... > Us, and > aj whenever 
rii = Tij. Denote by x the canonical (surjective) map H —>■ SO{V). Notice that 
Z := Ker(x) ^ and Z < Z{H). In fact, {Z{H) : Z) = 2 if n is even: if 

z & H satisfies x(^) = ""ly? then zvz^^ = x(-2)f = —v for any v & V, hence 
C+{V) = Cc(v){z). Thus Z{G) = Z{H)nG. This in turn implies that Z{G) < Z{Y) 
for any subgroup Y between G and H. 

2) Next we define some nondegenerate subspace A of V . Observe that rii = 2. 
Otherwise we can find distinct indices i,j,k such that = rij = Uk = 1 and gi = 
Qj = = ±1, and so g fixes a nonzero singular vector of the 3-space Vi®Vj ®Vk, a 
contradiction. By the same reason, the total number of 1-dimensional V^'s is at most 
4, whence rii = ^2 = 2 as n > 7. Moreover, if = rij = 1 and gi = gj = ±1 for 
i ^ j, then the 2-space Vi © Vj must be of type — (otherwise g would fix a nonzero 
singular vector of Vi®Vj). Now, 

2a) if there are two indices i,j such that rii = rij = 1 and gi = gj, then we define 
A:=Vi®V2®Vi® Vj and k := j; 

2b) otherwise, define A := Vi ® V2 ® Vs and k := s. 
Thus A is either a 5-dimensional nondegenerate subspace, or a 6-dimensional nonde- 
generate subspace of type — of V. Moreover, since xid) ^ SO{V), it is easy to check 
that the action of g on A belongs to SO{A). 

Let B := A^. For any f e K := x~\SO{A) x SO{B)) n H, let /U, resp. /b, 
denote the action of / on A, resp. on B; in particular, xif) = diag(/A, fs)- By jT25| 
Lemma 6.2(i)] there are elements /a G C+(A) n r{V) and e C+{B) n r(\/) such 
that x(/a) = diag(/A,lB) and x(/b) = diag(lA, /s^Then xUaIb) = xif) and so 
fAfs e /Z. Moreover, /a G C+(A). It follows by [TZ5l Lemma 6.1] that [/a, /ib] = 1, 
if h & K and we define /ia, as described for /. Thus we have a decomposition of 
K into a central product Ki * K2, with i^Ti ~ T^{A) and ^2 — r^(-B). Notice that 
g E K hy our choice of A. 

3) Let C := Vi and D := C^. Define /c and for any / G x~H'^C»(C) x SO{D))n 
H as we did in 3) for the decomposition V = A® B. Then again xifcfn) = xif) 
and so /c/d G and [/cS'd] = 1- Choose fc to be a generator of S'O(C) = Zg+i 
and take r := rc- Since (^c* G (r^), we get x{9c) = x('")™' ^or some m G Z and so 
(7c G r™Z. Thus there is some t E Z such that g = tr'^go- Since Z < Z{H) and 
[r, (yfi)] = 1, we conclude that [r,g] = 1. Next observe that x(r) G 50(1^) \ f2(\^) 
and G < H. By Lemma [2.11 we may replace G by (G, r) and thereby assume x{G) > 
SO{V). Next, Z = Z2 X Z(g_i)/2 as g = 3(mod4), and Z{G) > 02{Z). So we may 
assume that Z{G) > Z and G = H. It follows that g E K = Ki* K2 < G, with 
i^i = T+{A). 
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4) Here we show that o{g) (in G) and o{gA) (in Ki) are the same. Indeed, assume 
we are either in the case 2a), or in the case 2b) and ai > a^. Then gf^ = ly^, 
gf^ = —Ivi, and gl"'^ = ly^- It follows that xidY"^^ = but x(5')^"^ is not 
scalar on V, whence g^^' e Z < Z{G) but ^^"i-^ ^ z{G), i.e. o{g) = 2"^ The same 
argument applied to g^ in Ki yields o{gA) = 2*^^. Next assume we are in the case 
2b) and ai = a^; in particular, Hs = 2 and dim(A) = 6. In this case, gf^ is not 
scalar on Vi, and gf^ = —Ivi for all i- It follows that xidY"^^ = and so 
^2"! g Z{G) as we mentioned in 1). On the other hand, xio^^ is not scalar on 
V, whence g^'^' ^ Z{G), i.e. o{g) = 2'''-\ The same argument applied to gA in Ki 
yields o(5(a) = 2"i~^ 

5) Next we identify the subgroup Ki = r+(y4). If dim(yl) = 5, then r+(y4) ^ 
CSp4{q). Assume dim(74) = 6. Claim that Ki ~ Z(q_i)/2 x L, with L ~ SU4{q) : 2 
and L/Z{L) < PGU^^q). Indeed, since q = 3(mod4), we have Z = Zi x Z2 with 
Zi := 02'{Z) ~ Z(,_i)/2 and Z2 := 02{Z) ~ Z2. Next, T+ {A) > Spin{A) > Z2, where 
^pm(A) ~ SU^iq), Spin{A)/Z2 = ^^(A), and Spin{A) n Zi = 1. HQ denotes the 
quadratic form on A, we can find a pair of orthogonal vectors u,v ^ A such that 
Q{u) = —1 and Q{v) = 1. Then inside C{A) we have (wf)^ = u{—uv)v = 1 and 
x(-uf ) = puPv G S'O(yl) \ fl{A), if is the reflection corresponding to x. Setting 
L := {Spin{A),uv) , we obtain that Ki = ZiX L. It is well known that Out(S') = 
for S := Pr2(a4) ~ PSU^i^q), and is induced by the action of the conformal 
orthogonal group GO{A) on S. Notice that GO{A) = {Q{A), p^, p^) induces the 
subgroup Z2 of Out(S'). Furthermore, CO{A) flips the involutions pu, Pv modulo 
Q{A). It follows that puPv induces the central involution of Out(5'). Since —1a lifts 
to a central element (of order 4) of r^{A), Z{L) ~ Z4. Finally, GUi{q) induces 
the subgroup Z4 and so contains the central involution of Out (5). Consequently, 
L/Z{L) < PGUi{q). 

6) Now we can find an irreducible constituent $ of 0|/< such that $ = $1 (g) $2? 
<I>i G IBr£(_ft'j), and dim($i) > 1. Recall that g = gAQsZ for some z E Z < K, 
gA e Ki, and ge G K2. Hence, deg(e(^)) > deg(<l>(^)) > deg($i(c/^)). Since 
o{g) = o{gA), it suffices to show that deg($i((7A)) > o{gA)/2. If dim(yl) = 5, then we 
are done by Lemma 16.61 From now on we assume dim(A) = 6. By Lemma 12.11 we 
may also assume that gA is a 2-element, whence gA & L for the subgroup L defined 
in 5). 

Recall that L := {S,uv) with S := SU^i^q) and \uv\ = 2. Since S is perfect, all 
irreducible constituents of ^il^ are of degree > 1. Claim that, if SU^i^q) < X < 
GU^iq), E e IBr^(X), dim(E) > 1, then 

(3) deg(S(y)) >max{2,2'^-l} 

for any y E X with o{y) = 2'^ > 2. Indeed, if d = 2 then the claim follows from 
Corollary 12. ll( i). So we may assume that d >2, and that y is a 2-element by Lemma 
12. 1[ If y belongs to a parabolic subgroup of S, then the claim follows from |DZlj . If 
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y does not belong to a parabolic subgroup, then y is reducible (as ?/ is a 2-element) 
and y'^^^ = 1 by Proposition I6.4( i). whence the claim follows from Corollary 16 .21 

Now ii qa & S then we are done by applying ^ to y := qa- Consider the 
case qa ^ S and ^i\s is reducible. By Lemma I^TBl and by ^ applied to y := g^, 
deg($i(5f^)) > 2 ■ deg{^i{g\)) > 2 ■ max{2, 2"-^^ - 1} > 2""\ and we are done again. 

Finally, we consider the case qa ^ S and ^i\s is irreducible. Since L/Z{L) < 
PGU^i^q), we can find an element h G GUi^q) such that the actions of qa and of h 
on 5" are the same. In particular, o{gA) (in L) and o{h) (in GUi{q)) are the same, 
as they are equal to the order of qa and of h in Aut(S'). We use ^il^ to define an 
irreducible representation \1/ of L = {S,h) as follows. First, \l/(a;) = $1(2;) for any 
X & S. Next, for all x G S*, 

i.e. \1/ is L-stable. Since L/S is cyclic, we can extend \1/ to an irreducible represen- 
tation of L, which we also denote by Now the actions on $1(5") via conjugation 
by ^i{gA) and by "^{h) are the same. But ^i\s is irreducible, so \l/(/i) = /3$i((yf^) for 
some P G F*. In particular, deg($i(5'^)) = deg(\&(/i)). Applying to (X, E) = 
(L, h, we are done. □ 

Corollary 6.8. Let V = ¥^ be endowed with a nondegenerate quadratic form, where 
2\n > 8 and q = 3(mod4). Assume that Spin{V) <] G < H := T{V), g E G with 
o[g) = 2" > 2, and that 6 G IBieiG) with (£, 2g) = 1 and dim(e) > 2. Then 
deg(e(^)) > 2"-^ + 1. 

Proof. 1) We will use all the assumptions and notations made in p. 1) of the proof 
of Lemma [6.7[ If xio) ^ SO{V) and G < r"'"(V^) then we are done by Lemma [6.71 
Assume x(c/) e SO{V) hut G^ T+{V) and set M := {Spin{V) , g , Z (G)) . Notice that 
X{Z{G)) < SO{V), so M < r+(V). If the values of o{g) in G and in M are the same 
then we are again done by Lemma [6171 The remaining possibility can only occur when 
ni = . . . = Ug = 2, ai = . . . = ttg, and — ly gives rise to an element t G Z{M) \ Z{G) 
with t = (7^" (in which case the value of o{g) in M is 2"~^). By Corollary I2.1H 
deg(6(t)) = 2, so we can decompose 6 into a direct sum of two FM-representations 
Gj, with Oi(t) = ai-ld, i = 1, 2, and ai 7^ 02- Clearly, there is an i and an irreducible 
constituent $ of Qi\M of degree > 1 (otherwise Ker(6) > Spin{V)). But M <\ G, 
so by Clifford's theorem there must be a G-conjugate of $ that is contained in 
Qs-ilM- Applying LemmaOto M < T+{V), we see that deg{^{g)) > 2"-'^ + 1 and 
deg(^(5f)) > 2''"2 + 1. Furthermore, Spec($(5f)) n Spec(^(5f)) = as ^f^""' = t and 
ai ^ aa- It follows that deg(e(^)) > 2(2"-2 + 1) > 2''-^ as stated. 

2) From now on we assume xid) ^ SO{V). Let Zi := 02'{Z) ~ Z(q_i)/2, Z2 : = 
02{Z) ~ Z2, and let j denote the unique central involution of H. Considering a 
pair of orthogonal vectors u,v eV such that Q{u) = 1, Q{v) = —1 (where Q is the 
quadratic form on V), we get the subgroup L := {Spin(y),u,v) = Spin{V) ■ Dg, 
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and it is easy to see that H = Zi x L. Replacing G by GZi by Lemma I2.H we get 
G = ZiX (GnL). 

Let k be the total number of 2-dimensional l^'s, I the total number of i such that 
rii = 1 and Qi = —1, and m the total number of i such that = 1 and Qi = 1. 
Then 2A; + / + m = n and / is odd. If / > 3, then g fixes a nonzero singular vector in 
®i^^_^_iVi, a contradiction. Similarly, m < 3. It follows that I = m = 1. 

3) Consider the case where B(j) = Id. There is no loss to view B as an irreducible 
representation of K := (G fl L)/Z2 < GOiV) and replace g by x(fi') (and assume 
o{g) > 2). Define G := ©i^fc+i^i, D := Vfc+i. Then 51 = diag^g' , gk+i) , with 51' e 
SO{G) and (/fc+i = —1. Since rii = 2, one can find an element h e SO{Vi) \ fl{Vi) 
that centralizes g. Similarly, gk+i G GOiVk+i) \ SOiVk+i) centralizes g. Therefore, 
by Lemma [2.11 we may replace K by GO{V). It is easy to check that o{g) (in K) 
and o{g') (in SO{G)) are the same. Restricting 9 to the subgroup SO{G) x GO{D) 
of K and applying Lemma I^Tl to g', we conclude that deg{Q{g)) > o{g)/2. 

4) Now we assume 0(j) = —Id. Fixing an element z G T{V) with x{^) = we 
observed in p. 1) of the proof of Lemma [6.71 that z centralizes G~^{V); in particular, 
[z,gv~^] = 1. But zvz~^ = x(-2)'y = j'^^ (in G), hence zgz~^ = jg. It follows that 
—7 G Spec(9(5')) whenever 7 G Spec(9(5f)). Therefore, Spec(6((7)) contains all 
square roots of elements in Spec(0((7^)). Clearly, g'^ G Gi := (x^ | x G G) < r"'"(V^). 
Moreover, since ai > 2 and gk+2 = 1, one can check that the values of 0(5'^) in 
Gi and in G are the same. Applying Lemma 16.71 to an irreducible constituent of 
degree > 1 of 0|gi and g^, we see that deg{Q{g'^)) > 2"~^ + 1. Consequently, 
deg(e(c/)) > 2 ■ deg(e(c/2)) > 2(2^-2 ^ ^) > 2''~\ □ 

Theorem 6.9. Under the assumptions of Theorem \1.3l assume that the element g 
is reducible. Then one of the following holds. 

(i) > deg(e(^)) > p'^-^p - 1). 

(ii) p > 2, deg{Q{g)) = p°-^^{p — 1) and Sylow p-subgroups of G/Z{G) are cyclic. 
Furthermore, either a = 1, or £ ^ p. 

(iii) S = PSUn{q) with n = 1( mod p^) for some b > + l = p is a Fermat prime, 
0(9) = p^^^, g^ is a pseudorefiection in GUn{q), and 6 is a Weil representation. 
Furthermore, either deg(9(5')) = p^{p — 1), or {n,p^,q) = (4,3,2) and deg(0(5')) = 
p\p-l) - 1. 

(iv) S = PSUn{q), o{g) = p = q + lisa Fermat prime, g is contained in GUi{q)"', 
6 is a Weil representation, and deg{Q{g)) = o{g) — 1. Furthermore, either n < 3 or 
g is a pseudorefiection in GUn{q). 

Proof. 1) Let V = denote the natural module for G, and we write S = PSUniq^^"^) 
in the SU-case. We will use the notation of p. 1) of the proof of Theorem 15.111 As 
we mentioned there, assertion (i) holds ii £ = p = 2. So we may assume that p° > 2, 
£ 2 ii p = 2, g is a. p-element, and ds^g) < p°-^^{p — 1). 
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Assume g belongs to a parabolic subgroup of G. By the main result of |DZ1] and 
Remark 16.51 dQ^g) > p°-~^{p — 1), except for the case {G^g) is as in (iii) or (iv), in 
which cases Q\l is a Weil representation by [GMSTl Theorem 3.2]. 

Thus we may assume that g is not contained in any parabolic subgroup of G, and 
that S 7^ PSLn{q). In the remaining cases, V is endowed with a G-invariant non- 
degenerate Hermitian, symplectic, or quadratic form, and g cannot fix any nonzero 
totally singular subspace. By Lemma 12.91 we can find an orthogonal decomposition 
V = (Bf=iVi, where g acts as an irreducible element gi on each (nondegenerate) sub- 
space Vi, with one possible exception. In the exception, S = PQl^{q) with 2\q and 
m > 4, and g E H = Sp2m-2{q)- When this happens, we will 

(4) restrict to H and refer to our result for the symplectic case. 

Throughout pp. 2) - 5) of the proof we will assume that the aforementioned decom- 
position exists. Let k be the smallest positive integer such that p\{q^ — 1) and let 
Hi = dim(Vi). Observe that g^'^ acts scalarly on V. We may assume that ni > . . . > Us 
and s > 2. 

2) Here we handle the case k = 1. First suppose that S = PSUn{q^^'^)- If ni = 1, 
then we are done by Lemma 1X51 if n = 2, by Proposition l6.1l if n = 3, and by Corollary 
16.21 if n > 4. On the other hand, if rii > 1 then g'^^^^~^^ 7^ 1 and p > 2 by Proposition 
I5.2( ii). and so we arrive either at (i) or (iii) by Proposition 16. 4[ 

Next we consider the case k = 1 for the remaining classical groups. By Proposition 
15.21 this implies that p = 2 and q is odd. If g = 3(mod4), then we are done by 
Lemmas 16. 6[ 16.71 and Corollary 16.81 Assume q = l(mod4). If = is endowed 
with a quadratic form, then it is easy to see that gf = Id for each i, whence o{g) = 2. 
Assume V is endowed with a symplectic form (■,■). Then for every i, Ui = 2, \Xi\ = 
2{q — 1) if Aj G Spec{gi), and g^ is conjugate to diag(Aj, A^) in GL2{¥g). If g changes 
the form (-, ■) by r, then r = det{gi) = — A^. Hence g^ = — r ■ Id is scalar on V and 
o{g) = 2. Thus in all cases o{g) = 2 and we are done by Corollary 12.11 ( i). 

3) Henceforth we assume that A; > 1; in particular, p > 2. The assumptions on G,p 
now imply that each gi belongs to SUiVi) in the unitary case, SpiVi) in the symplectic 
case, and fi(l^) in the orthogonal case; moreover, g^" = 1. Choose Xj := SU{Vi), 
Sp{Vi), or Spiniyi), respectively, and let X := Xi. Without loss we may identify g^ 
with an inverse image of p-power order of it in Xj. Since any central p-element of 
/(Vi) is trivial and since ni > . . . > n^, we may assume that the order of gi modulo 
Z{X) is p". 

4) Suppose Theorem 15. Ill is applicable to the element gi in the group X, and a non- 
trivial irreducible constituent $1 of Q\x but X 7^ SL2{q) for even q; in particular, ei- 
ther Til > 3, orni = 2 and G is of symplectic type. Then deg{^i{gi)) < deg{Q{gi)) < 
pa-i^p_ j^-j^ gy Theorem 15.111 and Corollary 15.121 k = ni, dij,{gi) = p"'^^{p — 1), and 
either a = 1 or i ^ p (notice that X/Z{X) 9^ PSL^{q) for any odd prime r). 
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We aim to show that the Sylow p-subgroups of G are cyclic and so (ii) holds. 
Assume the contrary. This imphes that n > 2ni. If n2 < ni, then g acts trivially 
on the nondegenerate subspace V^, which contains a nonzero singular vector as 
dim(y^-'-) > rii, contrary to our assumption on g. Thus n2 = rii. We consider two 
subcases: \g2\ = p'^ and \g'2\ < p"". 

4a) Subcase I: \g2\ =p°'. Assume in addition that 

(5) Either 13.81 or 13.91 or 13.101 applies to the subgroup Xi * X2 of G. 

Then $1 can be chosen such that $i(S)$2 is an irreducible constituent of Q\xx*X2-, ^2 £ 
IBr£(X2), and dim($2) > 1- In particular, deg($2(5'2)) > p°'^^{p—l) by Theorem [STTTJ 
If £ 7^ p, then deg(9((y')) > deg($i((7i) ® $2(5'2)) = by Lemma [2.12l (i). Assume 
i = p. In this case a = 1, whence deg{Q{g)) > deg($i((7i) (8) ^2(92)) = p = o{g) by 
Lemma I2.12( ii) . 

4b) Subcase II: \g2\ < p"", in particular, a > 2. By Theorem I5.11( i). we have 
two possibilities: X = SUn^{q^^'^) with tt-i > 3 odd, or X = Spin~^{q) with 2 < 
rii = 2(mod4). Suppose the first possibility occurs. Embed g' := diag((y'i, (72) in 
a subgroup Y := GU2{q"'^^'^) of GUn{q^^^)- The assumption |5f2| < p"" implies that 
o{g'){m Y) = \g'\ = p"- . Applying Lemmas 13.31 and 13.51 to an irreducible constituent 
\E' of degree > 1 of 6|ynG! we see that (ie(fi') > d^{g') > p"- — 2 > p"-~^{p — 1), a 
contradiction. 

Consider the second possibility. Then by Proposition I5.2( iv) we can embed gi, 
resp. g2 in a subgroup SUn^/2{q), and then embed the above element g' in a subgroup 
Y := SUniiq) of G. Again we have o(5'')(in Y) = \g'\ = p°-. By our assumptions, there 
is an irreducible constituent ^ of degree > 1 of 6|y such that d^,{g') < p''~'^{p — 1). 
Notice that ni > 6 here. Now ii k = 2, that is p\{q + 1), then we get a contradiction 
by the results of 2). So k > 2; in particular, (ni,g) 7^ (6,2). Hence Theorem 15.111 
applies to X and holds as well. In this case, we get a contradiction by the S'tZ-part 
of 4b). 

5) In what follows, we will examine the cases where either Theorem 15 . 1 1 1 does not 
apply or ([5]) fails. 

5a) In the SU-ca.se, ni > 3 (as gi is a nontrivial irreducible p-element) and (rii, q) ^ 
(3,4) (as S'f/3(2) does not contain any irreducible 3'-elements of GL^lA)). Thus 
Theorem 15.111 applies and (jS]) holds, and so we are done. 

5b) Assume S = PSpn{q) with n > 4. Notice that {ni,q) 7^ (2,3) as /c > 1; 
furthermore, if (ni, q) 7^ (2, 2) then ([5]) holds. Applying Theorem 15. Ill to X = SpiVi), 
we are done if rii > 2, or if ni = 2 but q is odd. Consider the case where rii = 2 and 
2\q > 4. Then n2 = 2 (as n > A) and \g2\ = p (as otherwise g fixes a nonzero singular 
vector). By Lemma 13.31 we are done unless p = \gi\ = q + 1. In the exceptional 
case, by Corollary 13.81 we can find an irreducible constituent $1 (S)$2 of Q\xixX2 such 
that $i G IBTi{Sp{Vi)) and dim($i)) > 1. Again by Lemma ESI deg{(^i{gi) > p - 2, 
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whence deg{Q{g)) > deg($i((7i) ® ^2(92)) = p = o{g) by Lemma 12.121 Finally, 
assume {ni,q) = (2,2). Then p = 3, and gi and 92 are conjugate in Sp2{q)- It 
follows by Lemma 12781 that g fixes a nonzero totally singular subspace of Vi © V2, a 
contradiction. 

5c) Assume S = PQ^^^q) with n>7. By Proposition 15. 2( iv). either ej = — and nj 
is even, or rij = 1. First we consider the case ni > 4 and (ni,g) 7^ (6,2). Then ([5]) 
holds. Observe that Theorem 15. Ill can be applied to the element gi of X = Spin{Vi). 
(This is clear if rii > 8. Suppose ni = 6. Then Spirit (q) ~ SU^^q), and o{g) divides 
q^ + 1 but not q + 1 (by irreducibility of ^^i) by Proposition I5.2( iv) . Now we can apply 
the already proven results for X ~ SUi{q) and obtain that deg(^((7i)) > p^-'^ij) — 1) 
for any \l/ G IBr£(X) of degree > 1 and that the p-Sylow subgroups of X are cyclic. 
Moreover, if the equality attains, then either a = 1 01 I = p.) Thus we are done in 
this case. 

Now we assume that (ni,g) = (6,2); in particular, o{g) = o{gi) = 9. Claim that 
deg{Q{g)) > 7. For, g^ belongs to a parabolic subgroup of G by Proposition I5.2( iv). 
Hence by the main result of |DZ1] deg{Q{g^)) = o{g^) = 3. Therefore if ^ = 3 
then we are done by Lemma [2.10( ii). It remains to consider the case i ^ 3. First 
we suppose that n2 = 6. Then \g2\ =9 (as otherwise g2 is reducible on V2). It 
suffices to prove the claim for G = ^^^2(2)- Notice that G > (fi(Vi) x il{V2)) ■ (t) for 
some involution t and {Q{Vi),t) ~ GO{Vi) for i = 1,2. Furthermore, g^ is rational 
in GO{Vi), cf. |Atlasj . Thus g = diag((7i, (72) is rational in G. Since \g\ = 9, the 
rationality of g combined with deg{Q{g^)) = 3 implies that deg{Q{g) > 7. Finally, 
we consider the case n2 < 6. Since q = 2 and n > 6, we must have 77-2 = 2 or 4 
(and €2 = — ). But p = 3 and the 3-element g2 is irreducible on V2, so n2 = 2 and 
\g2\ = 3. It now suffices to prove the claim for G = Qg{2). Notice that i^^(2) has 
three classes of elements of order 9, which are permuted by the triality automorphism 
r, and at least one of them intersects a subgroup Y ~ Spq{2) of G, cf. [Atlas] . So 
we may assume that g' := g^ G F for some ^ = 0, 1, 2. Clearly, g' is irreducible in Y . 
Applying Proposition 15.71 to g' and an irreducible constituent of 0"^ |y, we see that 
deg{Q{g)) = deg(9'^ {g'^ )) > 7, and so we are done. 

5d) We continue the case S = PVL'^^{q) with n > 7 and rii < 4. Consider the 
case rii = A and 2\q. First suppose that g > 4. Then ([5]) holds. Notice that 
f2j(g) ~ PSL2{q^). Now we can apply Lemma 13.31 and argue as in 5b). Assume 
q = 2, whence o{g) = 5. Since g is not contained in any parabolic subgroup of G, 
n2 = 4. By restriction, it suffices to prove deg{Q{g)) = 5 for n = 8. Notice that 
fi^(2) has three classes of elements of order 5, which are permuted by the triality 
automorphism r, and one of them intersects a parabolic subgroup of G, cf. [Atlasj . 
So we may assume that g"^ is contained in a parabolic subgroup for some £ = 0,1,2. 
By |DZlj applied to 6"^ , deg(9(5')) = deg(9'^ {g'^ )) = 5, and so we are done. 
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Consider the case rti = A and q is odd. First suppose that g > 5. Then ([5]) holds. 
Notice that Spin^{q) ~ SL2{q^). Now we can apply Lemma [3.31 and argue as in 5b). 
Assume g = 3, whence o{g) = 5. Since g is not contained in any parabolic subgroup 
of G, n2 = 4. By restriction, it suffices to prove deg{Q{g)) = 5 for = 8. Notice that 
Sping{3) has three classes of elements of order 5, which are permuted by the triality 
automorphism r, and one of them intersects a parabolic subgroup of G, cf. |Atlasj . 
So we may assume that g'^'' is contained in a parabolic subgroup for some £ = 0,1,2. 
By |DZlj applied to 6"^ , deg{Q{g)) = deg(9'^ {g'^ )) = 5, and so we are done. 

Now we may assume that Ui = 2. If m is the largest index such that rii = 
rimi then n < 2m + 2 (otherwise g acts trivially on the nondegenerate subspace 
Vm+i © ... © Vm+s of dimension > 3 and so g fixes a nonzero singular vector). In 
particular, m > 3. Recall that g^^^ = 1 for all i, and o{gi) = p'^. Now we can 
use the isomorphism Pf2g(g) ~ PSU^^q) and apply Corollary 16.21 to the element 
h := diag((7i, g2, gs) (inside an inverse image of Pfi^(g) in G) to get that g+1 = p"" and 
his a pseudoreflection in GU^^q). Notice that the isomorphism Pf2g (g) ~ PSU^i^q) is 
realized by letting SUi{q) act on the alternating square of its 4-dimensional module, 
cf. |KLt p. 45]. It follows that the spectrum of h on the 6-dimensional module for 
f2fr(g) is of the form /3, /3, for some (3 G Fg2. In particular, the 
(yfj-modules Vi are isomorphic for i = 1, 2, 3. By Lemma [2.81 h belongs to a parabolic 
subgroup of GOg^q), contrary to our assumption. 

6) Finally, we come back to the exception specified before (jl]). Recall that, in this 
case n = 2m, S = ^n{q) and g E H = Spn^2{<l)- By the result proved for H, we see 
that, under the assumption deg{Q{g)) < p°-^^{p — 1), p is odd and Sylow p-subgroups 
of H are cyclic (in particular, k > 2[(m — 1)/2J +1 by Lemma [4.31) : furthermore, 
either a = 1 or i p. If Sylow p-subgroups of G are cyclic then we are done. Assume 
the contrary. Then e = +, A; = m is even, and we can embed g in a. subgroup 
R ~ Spm{q) of H. Applying Proposition 15.71 to an irreducible constituent of degree 
> 1 of Q\r, we see that (m, g, \g\) = (4,2,5). Using the argument with the triality 
automorphism of fig {2) as in 5d), we conclude that deg{Q{g)) = 5 = o{g). □ 

We can say more about case (ii) of Theorems II. 2[ II. 3[ and 16.91 

Proposition 6.10. Under the assumptions of Theorem \1.3\ suppose that deg{Q{g)) = 
pa~i^p _ Sylow p-subgroups of G/Z{G) are cychc. Let m be the smallest pos- 

itive integer such that p\{q"^ ~ !)■ Then one of the following holds. 

(i) S = PSLn{q), n > 3, and m = n. Moreover, if 2\n then p°- = p = (g"/^ + 

i)/(2,g+i). 

(ii) S = PSUniq), n>3, andm = 4[(n - 1)/2J + 2. 

(iii) S = PSp2nlq), n>l,m = 2n, and p" = p = (g" + l)/(2,g + 1). 

(iv) S = Pi7^„(g), n > 4, and m = 2n — 2. Moreover, if n is odd then p"- = p = 
(g"-i + l)/(2,g+l). 
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(v) 5* = PVt2n{(l), n > 4, and m = 2n. Moreover, if 2\n then p°' = p = (g" + 
l)/(2,g+l). 

Proof. 1) Our choice of m is equivalent to the condition that p divides ^mi<l) but not 
for any i < m. By the main result of [ DZlj . the conditions that deg{Q{g)) = 
pa-i^p _ gj^(^ Sylow p-subgroups of G /Z{G) are cychc imply that g cannot belong 
to any parabolic subgroup of G. 

2) Assume S = PSLn{q) with n > 3. By assumption, Sylow p-subgroups of 
S/Z{S) are cyclic, whence {p, g — 1) = 1. In this case, we see that Sylow p-subgroups 
of GLn{q) are cyclic, so without loss we may replace G by GLn{q). Claim that p does 
not divide the order of any parabolic subgroup P of G. Assume the contrary. Write 
\P\ and {G : P) (in a unique way, as cyclotomic polynomials are irreducible over Q) 
as q^ Ylifzj (q) and g* Hjej "^j By Lemma IT3] and since p divides \P\, m & I 
and p J(^j{q) for all j G J. Thus (G : P) is coprime to p, and so a conjugate of the 
p-element g belongs to P, a contradiction. Now our claim implies that m = n. In 
particular, g is irreducible, and we can apply Corollary 15.91 if 2\n. 

3) Assume S = PSUn{q) with n > 3. Arguing as in 2), we see that (p, g + 1) = 1, 
and that p does not divide the order of any parabolic subgroup P of GUn{q)- Since 
we can embed X := GUn-2{q) in such a P, we see that {p, \X\) = 1. Furthermore, 
since Y := GL^n/2\{q'^) embeds in another such a P, we see that {p, \Y\) = 1. The 
last two conditions readily imply that m = 2n — 2 for even n and m = 2n for odd n, 
and so we are done. 

4) Assume 5* = PSp2n{q) with n > 2. Arguing as in 3), we see that p > 2, and 
that p is coprime to \Sp2n-2{q)\ and It follows that m = 2n. In particular, 
g is irreducible, and we can apply Proposition 15. 7[ 

Assume S = Pn^„(g) with n > A. Arguing as in 3), we see that p > 2, and that 
p is coprime to |>S'0^_2(g)| and |GL„(g)|. It follows that m = 2r;, — 2. If is odd 
(so n > 5), then we can embed g in Spin2n-2{l) as an irreducible element and apply 
Lemma 15.101 

Assume S = Pf2^„(g) with n > 4. Arguing as in 3), we see that p > 2, and that 
p is coprime to \S02n^2il)\ \GL„_i{q)\. It follows that m = 2n and so g is 
irreducible. If n is even, then we can apply Lemma I5.10[ 

Assume S = PSL2{q). Arguing as in 2), we see that p > 2, and that {p,q — l) = 1. 
It follows that m = 2, and we can apply Lemma [3.31 □ 

Now Theorems 11.21 and 11.31 follow immediately from Theorems 15.111 and 16. 9[ 
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